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WHAT ISNORMAL ANYWAY ?
THERAPY FOR EPISTEMOLOGICAL ANXIETY

ABSTRACT. This paper presents two case studies of learners attempting to make sense
of the concept of norma distribution — in particular, why physical phenomena such as
height fall into normal distributions. The notion of epistemological anxiety is advanced
as being the source of the difficulties learners have in making sense of normal distribu-
tions. The framework of Connected Mathematics is used to analyze the learners' coming
to understanding of normal distributions and as a source of therapeutic intervention for
the epistemological anxiety. As both a symbolizing medium and an aid to analysis, one
learner is provided with an object-based parallel modeling language (OBPML) with which
the learner can formulate computational hypotheses about the local probability rules that
lead to the emergence of aglobal distribution. Through the investigation, supported by the
OBPML, the learner makes connections between the micro-rules of probability and the
resultant (macro-) statistical distributions. Conclusions are then drawn about the features
of a Connected Mathematics learning environment that enable confrontation with episte-
mological anxiety and the features of modeling languages that enable learners to conduct
asuccessful probability investigation.

1. INTRODUCTION

Concepts and intuitions from probability and statistics pervade many
aspects of our ‘non-mathematical’ lives. When we decide whether to pay
more for a car that is reported to be ‘more reliable’; when we choose
to safeguard our children by living in a‘low-crime’ neighborhood; when
we change our diet and exercise habits to lower the risk of heart disease;
when we accept or refuse a job with other options pending; al the above
actionsinvolve implicit probability judgments. Arguably, no other area of
mathematics can be said to apply so widely. No other areais so potentially
empowering — so useful in making decisions, both intimate and profes-
sional, and affords us such opportunities for making sense of phenomena,
both natural and social.

Yet, as the research literature (discussed below) has made abundantly
clear, students do not take great advantage of these powerful ways of mak-
ing sense of the world. This paper seeksto give an account of this missed
opportunity interms of the framework of Connected Mathematics (Wilen-
sky, 1993).The paper begins with a sketch of background issues related
to learning probability and statistics. The Connected Probability Project
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(Wilensky, 1993; 1995a; 1995b) isthen described and situated inthe frame-
work of Connected Mathematics. The notion of ‘ epistemological anxiety’
asaprimary obstacleto learning probability and statisticsisarticulated and
developed. The paper then describes how the use of computational envi-
ronments — specifically object-based parallel modeling languages — can
allow learnersto successfully address epistemol ogical anxiety intherealm
of probability and statistics. Theremainder of the paper seeksto instantiate
the theory and practice of Connected Mathematicsin case studies concern-
ing learning about the concept of normal distribution. Thesecasesillustrate
how traditional teaching of the concept of normal distribution which relies
on formalism and macro-level summary statistics leads to epistemol ogi-
cal anxiety. The casesalso illustrate how Connected Mathematics engages
issuesof epistemological anxiety and how it fostersadeeper understanding
of normal distributions. This understanding is advanced through learners
modeling normal distributions as emergent phenomena.

1.1. The Subject Learnersare Required to Hate

Peopl€'s attitudes towards probability and statistics can be summed up in
thewell worn adage attributed to both Twain and Disragli: ‘ There are three
kinds of lies: lies, damn lies, and statistics.” (in Tripp, 1970)

Probability & Statistics (henceforward, P&S1) research ‘methods
courses have achieved notoriety in the undergraduate and graduate cur-
riculum as the bane of many a student?. Students in the social sciences
are usually required to take a statistics course. Though such courses are
intended to introduce them to concepts and methods which they can then
employ in making sense of real data, they frequently report being able to
work the textbook problems but having little idea of ‘what they mean,
or how to apply them to novel situations (see, e.g., Phillips, 1988; Rubin
et al, 1989). Students complain about being able to make several differ-
ent arguments to solve a problem, all of which sound plausible yet yield
different answers (Wilensky, 1993). How are they to choose among the
plausible alternatives? This confusion and indecision leads to what | have
termed "epistemological anxiety" (Wilensky, 1993) — a feeling, often in
the background, that one does not comprehend the meanings, purposes,
sources or legitimacy of the mathematical objects one is manipulating and
using.

1.2. Responding to a literature of Innate Constraints

There has been considerable research (e.g., Gould, 1991; Konold, 1991,
Phillips, 1988; Piaget, 1975; Tversky and Kahneman, 1974) documenting
difficulties people have in learning, understanding and using concepts of
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probability and statistics. Much of this research locates the source of the
problemin cognitive constraints of the mind of thelearner (seee.g., Cohen,
1979; Edwards and von Winterfeldt, 1986; Evans, 1993; Gould, 1991;
Kahneman and Tversky, 1973; 1982; Nisbett, 1980; Nisbett et al, 1983;
Tversky and Kahneman, 1974; 1980; 1983).

In their now classic work, Tversky and Kahneman (1982) document
the persistent errors and ‘ misconceptions' that people make when making
probahilistic ‘judgments under uncertainty’. Among these errors are sys-
tematic misconceptions about probabilities of conjunctions, inverse prob-
abilities, updating probabilities in the face of new evidence and ‘ seeing’
non-random pattern in random data. These systematic errors are repeatable
and don’'t seem to go away even when people have had significant train-
ing in probability. This contributes to a widespread belief that humans are
incapable of thinking intuitively about probability.

Tversky and Kahneman speculate as to the origin of these systematic
biases in people’'s assessment of likelihoods. They theorize that people’s
mental resources are too limited to be able to generate probahilistical-
ly accurate judgments. Consequently, people are forced to fall back on
computationally simpler ‘heuristics'. In other words, we have been ‘ hard-
wired’ not be able to think about probability and must circumvent our
natural thinking processesin order to overcome thisliability.

The view that humans must circumvent natural thinking processes in
the realm of probability has spawned a large literature and has become
very influential. For the purposes of this exposition, let us call this view
the*accommodationist’ view. The effect of thisaccommodationist view on
P& S instruction has been a deference to the mechanical manipulation of
the tokens of formal notation as a guard against unreliable intuitions. This
lessonfor P& Sinstruction hasreached the highest level sof education. Inan
introductory graduate coursein probability and statisticsat amajor research
university, the professor wrote down Bayestheorem for calculating inverse
probabilities and then baldly announced:

‘Don’'t even try to do inverse probabilities in your head. Always use Bayes formula. As
Tversky and Kahneman have shown, it isimpossible for humans to get an intuitive feel for
inverse probabilities'. (in Wilensky, 1993).

This quote is a pedagogical embodiment of the accomaodationist view.

Itis possible to begin with a more conservative set of assumptionsthen
do the accommodationists. We could assume that P& Sis an area of math-
ematics not widely separated from the rest of the discipline. Furthermore,
we could posit a broadly developmental view of mathematical intuition
that allowsfor the development of intuitive structures over time. We would
then look elsewhere for the source of learners' difficulties with P& S. We
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would look at the learning methods, tools and cognitive technologies (Pea,
1987) availableto the learner. Given the preval ence of the accomodationist
view, it would be of great interest if it could be shown that a suitable learn-
ing environment could help learners transform their probabilistic biases
into effective intuitions and a solid conceptual understanding of P& S. This
work is being undertaken through the Connected Probability project.

2. CONNECTED PrOBABILITY

Themission of the Connected Probability project (Wilensky, 1993; 1995-a;
1995-b) is to better understand the source of learners’ difficultiesin P&S
and to build learning environments that would foster the development of
intuitive conceptions of foundational concepts and positiveattitudetowards
the discipline. The Connected Probability project was launched with the
hypothesis that learners’ difficulties with P&S are not primarily due to
hard- wired cognitive constraints. We conjecture that students’ antipathy
towards P& S is primarily due to epistemological anxiety concerning the
basic concepts of the discipline. We further locate the source of the anx-
iety in the lack of sufficiently powerful learning environments for P&S.
The paucity of the learning environment stems, in great part, from the
unavailability of powerful tools for experimentation and construction in
probahility. The anxiety is further reinforced by the teaching practices
employed in mathematics classrooms and a "protective" mathematics cul-
turewhich discouragesrevel ation of mathematical conceptionsand process
and its consequences for mathematical discourse in the classroom. Given
this ‘diagnosis’, it follows that learners’ difficultiesin P& S can be effec-
tively addressed without resorting to either rigidly formalized instruction
or neural surgery.

In the initial year of the project, seventeen in depth interviews® about
P& S were conducted with learners age fourteen to sixty-four. Interviews
were open ended and most often experienced by theintervieweesasextend-
ed conversations. The interviewer guided these conversations so that the
majority of alist of 23 topics was addressed. The interview topics ranged
from attitudes toward situations of uncertainty, to interpretation of news-
paper statistics, to the design of studies for collecting desired statistics
and to formal probability problems. In most interviews, a computational
modeling environment designed for experimenting with P& S was made
availableto the learners.
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2.1. Probability Distributions

The interview format was designed to focus on several key concepts in
P& S. The notion of Probability distribution is one such key concept. We
focus on probability distribution, partly because of its importance: 1) an
understanding of probability distributioniscrucial to understanding the sta-
tistical models ubiquitous in scientific research. 2) The concept is equally
central to participation in the public forum as an informed citizen. 3) With-
out the concept of distribution learners cannot truly understand how events
can be both unpredictable and constrained — we cannot have a coherent
concept of randomness (Wilensky, 1993; 1995-b). 4) Probability distrib-
utions stand at the interface between the traditional study of probability
and the traditional study of statistics and, thus, afford an opportunity to
make strong connections between the two disciplines. Another reason we
choseto focuson probability distribution isthe potential for bringing about
meaningful changein the learning experience for many students. In atyp-
ical coursein probability and statistics, students are exposed to a standard
library of distributions and associated formulae, but do not haveachanceto
construct these distributions and understand what ‘ problems they are try-
ing to solve'. The availability of new computational * object-based parallel
modeling languages (OBPML) (Wilensky, 1996b; forthcoming) affords
learners the ability to construct these distributions as patterns emergent
from probabilistic rules. Through these constructions, learners can make
connections between probabilistic descriptions of discrete phenomenaand
the statistical descriptionsof the ensemble—inthe processseeing the utility
of both descriptions. Meaningful intervention is possible.

An analysis of the interview data revealed persistent confusions on the
part of most intervieweesabout probability distributions. These confusions
and attendant anxietiesresulted in the interviewees turning off their sense-
making with regard to probability distributions and merely invoking rote
formulae when applying probability distributions to real world problems.

3. CONNECTED MATHEMATICS

Central themesfrom the Connected M athematicsresearch program. (Wilen-
sky, 1993; 1995c¢) inform the Connected Probability project. The Connect-
ed Mathematics program takes broad aim at both our view of the discipline
of mathematics and the practice of mathematics pedagogy. Connected
Mathematics is situated in the Constructionist learning paradigm (Papert,
1991; 1993). The name Connected M athematics comesfrom two seeming-
ly disparate sources, the literature of emergent Artificial Intelligence (Al)
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and the literature of feminist critique. From emergent Al and, in particular,
from the Society of Mind theory (Minsky, 1987; Papert, 1980), Connected
Mathematics takes the idea that a concept cannot be intelligible if it has
only one meaning, it is through connections that concepts gain meaning.
The feminist literature (e.g., Belenky et al., 1986; Keller, 1983; Gilligan,
1977; Surrey, 1991), contributes the idea of ‘connected knowing’, a per-
sonal form of knowing that isintimate and contextualized as opposed to an
alienated and disconnected formal knowing. Mathematical conceptsderive
their meaning and their power through their embeddednessin a personally
and socially constructed web of connectionsto other ideasand experiences,
both mathematical and non-mathematical.

In a Connected Mathematics learning environment, the focus is on
learner-owned investigative activities followed by reflection. Thus, stu-
dents are not led through the mathematical ‘litany’ of definition, theorem
proof. Mathematical concepts are not simply given by formal definitions.
Instead, mathematical conceptsare multiply represented (e.g., Kaput, 1987;
Von Glaserfeld, 1989) and the environment supports multiple styles and
ways of knowing (see e.g., Turkle and Papert, 1991). Mathematical intu-
itions are not assumed to be static, nor are some mathematical concepts
assumed to be ‘abstract’” and thus not amenable to intuitive apprehension.
Learnersare supported in building and devel oping their mathematical intu-
itions over alifetime and, through this construction process, mathematical
objects are seen to be more concrete (Wilensky, 1991; 1993) as learning
progresses.

Connected M athemati cs views mathemati cs as something human make
—we build tools to operate upon and make sense of our world®. In contrast
to learning procedures or formalisms first, as in the traditional curricu-
lum, Connected Mathematics calls for making many more connections
between mathematics and the world at large as well as between differ-
ent mathematical domains throughout the learning experience (e.g. Cuoco
and Goldenberg, 1995). Empowering technology is centra to this effort.
Technology is used as a personally expressive medium — to explore areas
of mathematics previously inaccessible, to make abstract mathematical
concepts concrete, and to create new mathematics In contrast to reform
documents such as the NCTM standards, which portrays an ‘image’ of
mathematics’ as essentially a problem solving activity, its vision of math-
ematics is a more generative one - the central activity being making new
mathematics. A culture of design and critique is devel oped.

Connected Mathematics pays great attention to the affective side of
learning and doing mathematics. As such, it pays attention to the role
of play, joy wonder and curiosity in the learning of mathematics and to
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the role of desire for socia connection as a motivation for engaging in
mathematical activity (see also Thurston, 1992). Difficulties in learning
mathematics are also examined from an affective perspective. Connected
Mathematics looks critically at the role of shame in mathematical culture
— how shame creates, first, anxiety (see e.g., Chipman, Krantz and Silver,
1994; Steele, 1995; Tobias, 1993) and, ultimately, negative mathemati-
cal self-image (Dweck and Leggett, 1988; Steele, 1995) in the individual
learner and how it stifles discourse and enforces hierarchy (O’ Connor,
1993) in the mathematical community. In contrast, a Connected Mathe-
matics learning environment fosters an atmosphere in which it is safe for
mathematical learners to express their partial understandings and values
these understandings regardless of their degree of correspondence with
the mathematics canon. In doing so, it parts company with the literature
on misconceptions which highlights the gulf between expert and novice.
Connected Mathematics, instead, stresses the continuity between expert
and novice understanding. This continuity obtains both in their explicit
conceptions- novice conceptionsare not discarded on the road to expertise
but rather repurposed, and in their general ‘messy’ character — even for
expert mathematicians, only small areas of clarity have been laboriously
carved out from the generally messy terrain. (see also Smith, diSessa and
Roschelle, 1994).

4, SOURCES OF EPISTEMOLOGICAL ANXIETY AND THE MAKING OF
MATHEMATICAL CULTURE

Asdiscussed above, learnersof probability suffer from an attendant anxiety
about the source of legitimacy of the probabilistic proceduresand formulae
they are learning. This anxiety is not unique to P&S. Indeed, it is quite
common in mathematicsinstruction.

The sources of thisanxiety are multiple. The culture of the mathematics
classroom contributes greatly (Hoyles, 1985; Lampert, 1991; Noss, 1988;
O’ Connor, 1993). Its insistence on unitary definitions for mathematical
concepts reinforces the belief that mathematical knowledge is completely
disconnected from therest of the learner’sknowledge (Cuoco, Goldenberg
and Mark 1995; Minsky, 1987-b; Wilensky, 1993). Thelearner , thus poised
at the lip of a yawning chasm separating her previous conceptions from
the new knowledge, is understandably anxious. The formal definitions
sever thelinksto the many related conceptionsthat could serve as bridging
mechanismsand could alleviate anxiety. Theanxiety isfurther enhanced by
social isolation. Theinsistence on answers or results, absent of intellectual
texture, and invalidation of personal voice (Confrey, in press; Gilligan,
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1977) discourages the learner from expressing her partial and incomplete
understanding. This, inturn, can create the sensethat everyoneelseisclear
about the meaning of these objects and that you alone are confused. The
further knowledge that any admission of confusion will be used to rank
you in the mathemati cs hierarchy and judge your mathematical intelligence
makes it practically taboo to share your ‘messy’ concepts (Papert, 1972,
1993; Wilensky, 1993) and attendant epistemological anxiety.

Connected Mathematics provides several sources of therapy for episte-
mological anxiety. Instead of formal definitions, it emphasizesconnections
to the learner’s knowledge that make the transition to new knowledge both
safer and more meaningful. By exposing the universality of confusion
and messy concepts, it reassures the learner that her predicament is ‘nor-
mal’ and shared. This, in turn, leads to the voicing of previously unvoiced
concepts and sets the context for the social negotiation of mathematical
knowing. This emphasis on making, voicing and sharing takes public the
activity of understanding mathematics. These changes in mathematical
culture are both supported and made much more realizable by the advent
of computational modeling environments.

4.1. Epistemological Anxiety in the Realm of Probability

There are several reasons why epistemological anxiety is particularly pro-
nounced in the domain of P& S:

1. We are living in a time when the meanings of the basic notions of
probability theory, the ideas of ‘randomness’, ‘distribution’, and even
‘probability’ itself are still quite controversial. There is, as yet, no
consensual agreement on the foundational concepts of probability —
they are still being debated by mathematicians and philosophers (see.
e.g., Cartwright, 1987; Gigerenzer, 1987; Savage, 1954; Suppes, 1984;
VonMises, 1957). Thereisparticular disagreement on the applicability
of probability to individual instances. Thisleadsto confusion about the
applicability of probability theory to the unique situationsin our lives.
It raises doubts about its utility in making individual choices which
might serve to animate our interest in the subject.

2. When we encounter statistical data (as we commonly do in newspaper
articles), it is often detached from its method of collection. If astatistic
is left vague and disconnected in this way, we can not operate on it,
transform it and compare it with others so as to make it meaningful
and concrete.

3. Short term memory limitationsmakeit difficult to collect large amounts
of datain ‘real time'. So instead, we construct summaries of the data.
These summaries are not analyzable into their constituent elements
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and thus necessarily remain disconnected from the original data. In
this way P&S is at a stage of its development not unlike other areas
of mathematics throughout history. These same kinds of memory con-
straints once made arithmetic very difficult until memory saving tech-
nologies (such as zero, place value and generalized decimal notation)
wereinvented (Seee.g., Kline, 1972; McLuhan, 1964; Rotman, 1987).
A central conjecture of the Connected Probability project isthat com-
putational technology should do for probability what Hindu-Arabic
notation has done for arithmetic. Computational environments allow
large bodies of datato be visualized at oncein asmall space and large
numbers of repetitionsto happen in ashort time. Asaresult, short term
memory resource limitations can be overcome. The focus can then be
on probabilistic reasoning.

4. It is very hard to get feedback as to the adequacy of our probability
judgments. If we assess that the probability is 30% that it will rain
tomorrow and it does rain, what have we learned? We reguire many,
many such observations in order to calibrate our judgments to the
data. Again, memory limitations block usfrom receiving the necessary
feedback, Moreover, there islittle opportunity for control because the
world is constantly changing and we cannot repeat the experiments so
asto get systematic and controlled feedback

5. Seeing our lives as experimentsin probability requires seeing our cur-
rent situation as one of alarge collection of similar possible situations.
Tomakethislargecollectionintoa’ concrete’ object of thought (Wilen-
sky, 1991) requires amassive construction job. It requiresforging links
between our current situations and situations forgotten in the past, sit-
uations not yet arisen, and counterfactual situations, (those situations
which could have arisen but did not)8.

6. A powerful way to think about probability situations is to think of
multiple, interacting, distributed entities. Again we cannot keep so
many entities in working memory (Case, 1993; Miller, 1956) at once.
Consequently, we construct wholes out of the many interacting parts
and understand the behavior of the ensemble in terms of its average
behavior.

Memory and resource limitations, absent a notation or medium, do
contribute to why, until now, many people have not developed robust
probabilisticintuitions. We havereached atimewhere theselimitationswill
no longer hold sway in P& S. The emergence of computational modeling
environments promises to provide a holding environment , a symbolizing
medium which can express data distributed over space and time. This
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should enable us to see view dynamic properties of ensembles and to
conduct experiments with immediate feedback. It is for this reason that
one of the most powerful forms of therapy for epistemological anxiety
is access to a computational environment in which the objects whose
epistemological status are in doubt can be modeled, experimented with
and debugged to the satisfaction of the learner. The computer serves as a
setting and symbolizing medium for building mathematical intuitions.

5. COMPUTATIONAL MODELING IN MATHEMATICS AND SCIENCE
EDUCATION

In acomputational modeling approach to mathematics and science educa-
tion, amodeling language and sets of associated tools are made availableto
learners. L earnersthen choose aconcept or phenomenon and createacom-
putational model of the phenomenon. In contrast to pre-built simulations,
where the learner is interacting with an expert model, the model-building
approach alows the learner to own and pursue personally meaningful
investigations. In amodel building approach, there are no *black boxes’ in
the phenomenon of interest — the learner constructs her own ‘boxes'.

The modeling approach has both cognitive and affective benefits. By
building computational models of everyday and scientific phenomena,
learners can develop robust mental models of the underlying probabili-
ty and statistics. The feedback provided by building and then testing the
computational model supports the learner in debugging and successively
refining (Leron, 1994) the mental model. On the affective side, the model -
ing environment supportsthe learner’s expression of partial understanding.
In a modeling environment, it is clear that partial understandings are the
norm — one builds models by, initially, expressing a tentative model in the
modeling language, then gradually refining and debugging the model. In
this way modeling activities short circuit the ‘whole cloth’ answer orien-
tation of the culture of classroom mathematics (Sfard and Leron, in prepa-
ration). Indeed, the activity of model building is so different from normal
mathematics for most students that they, often, do not identify themselves
to be ‘doing mathematics'. (Feurzeig, 1995; Mandinach and Cline, 1994;
Thornton and Sokol off, 1990). Embedded in asuitable social environment,
the opportunity to express partial understandingswithout judgment can go
along way towards alleviating a sense of mathematical shame. Relieved
from the necessity of ‘getting it right’ the first time, even learners not
usually considered good at mathematics and science can build models
that demonstrate aqualitatively greater level of mathematical achievement
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thanisusually found in mathematics classrooms. Computational modeling
serves as a powerful therapy for epistemological anxiety.

5.1. Modeling Emergent Phenomena

One productive domain for computer modeling is ‘emergent phenome-
na’, in which global patterns emerge from local interactions. Emergent
phenomena can provide rich contexts for learners to build with proba-
bilistic parts. Learners can explore the stable structures that emerge when
probabilistic behavior is given to distributed computational agents. Thus,
instead of encountering probability through ‘solving’ sets of decontextu-
alized combinatoric problems, learners can participate in constructionist
activities — they design and build with probability.

Probability distributions can be seen as canonical cases of emergent
phenomena. They are stable global structures that arise from the inter-
actions of multiple distributed agents. Typically, in statistics classes, the
emergent nature of distributions such as the normal distribution (or ‘bell
curve') is hidden. We ‘learn’ about distributions through descriptions of
their global characteristics (e.g., mean, standard deviation, variance, skew,
moments). This concealsthe way these distributions are built up or emerge
from individual instances. As aresult, the critical connection between the
micro- level of the phenomenon and the macro-level is severed. Thelearn-
er is given the macro-description and formulae and is asked to accept on
authority that these macro-descriptions are appropriate for such and such
a set of phenomena. This supplanting of experimentation with external
authority contributes significantly to epistemological anxiety.

5.2. Object-based Parallel Modeling

The modeling environment used in the Connected Probability project,
is the language StarLogo (Resnick, 1992; 1994, Wilensky, 1993; 1995b)
extended to be especially useful for modeling phenomenain P& S. Starl. ogo
isan extension of the Computer language Logo. In Logo, agraphical turtle
is controlled by issuing movement commands. In StarL ogo, however, the
user can control thousands of ‘turtles’ or ‘agents' . StarLogo is an example
of anew kind of modeling language—itisan object-based parallel modeling
language (OBPML). Other examples of such languages include KidSim
(Smith, Cypher and Spohrer, 1994) and AgentSheets (Repenning, 1993).
‘Parallel’ means that the agents behave as if they are all executing their
commands simultaneously. StarLogo was originally implemented on the
Connection Machine, amassively parallel supercomputer, and wasthusin
fact parallel, each agent controlled by a separate processor. In more recent
implementations, StarL ogo runs on serial machines such asthe Macintosh
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computer, so it isrunning as aparallel ‘virtual machine' on top of a serial
architecture.

‘Object-based’ means that each agent is self-contained: it has its own
internal state and communicateswith other agents primarily by local chan-
nels — agents don’t do much action at a distance. The computer language
Logo had a single such object — the ‘turtle’. Papert (1980) argued that
the power of the turtle to facilitate learning geometry lay in the fact that
the child could identify with the turtle — enabling ‘syntonic’ learning.
Object-based parallel modeling languages such as StarL ogo afford greater
identification with their objects, and thus, in contrast to more procedural
languages, foster syntonic learning of emergent phenomena.

Learners can assign micro-level rules to simultaneously control thou-
sandsof such turtles. Macro-phenomenaemergein relation to these micro-
rules. This makes both forwards exploratory and backwards phenomena-
based modeling possible—that is 1) exploring the global effects of various
sets of local rules. and 2) trying to produce a known global phenomenon
through finding appropriate local rules (Wilensky, 1995a).

Such object-based parallel modeling languages can be powerful envi-
ronments for doing P& S. One way to think of these agentsis as multiple
sided irregular dice. At each step in running a model built in one of these
languages, thousands of dice are thrown and results visually displayed.
This use of object based parallel modeling languagesis reminiscent of the
technique of Monte Carlo simulations and shares feature with resampling
statistics approaches (Diaconis and Efron, 1983; Efron, 1982; Konold,
1994; Simon et a, 1976; Simon and Bruce, 1991). Unlike these other
approaches, in object-based parallel modeling languages, control of the
program is distributed through the agents rather than centrally controlled
and the agentsthemselves are inspectable, visualizable, ‘ concrete’ objects.

Even at this basic level of ‘dice rolling’, many experiments in proba-
bility and statistics are suggested. Indeed, most of the standard elementary
curriculum in P& S can be easily modeled in StarLogo using these ‘dice-
rolling’ features of the language alone. In a non-computational setting,
experiments with large data sets are perforce constrained to be summa-
rized by mediating global formulae and statistics. Experiments can be
done for small data sets and small numbers of trials and is typically con-
fined to several coin-flips, dice-rolls and spinner-spins. But once the scale
is increased, the ability to experiment is gone. As discussed earlier, the
critical connection between the micro- level of the phenomenon and the
macro- level is severed.

Additionally, in object-based parallel modeling languages, the ‘dice
can also interact with each other. As aresult, many complex interactions
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are possible—the results of which are not predictable using standard math-
ematical models. The ability to experiment with such complex interactions
and get visual feedback, however, allowslearnersto make qualitative sense
of different possible patterns, classifying meta-patterns and noting trends
such as feedback cycles, critical densities, clustering, etc. Even though
these agents — thought of as dice — are probabilistic components whose
individual states cannot be predicted, the emergent properties of the col-
lection of agents can be stable and predictable. Thisinsight is essential to
grasping the key notion of probability distribution. For this reason, object-
based parallel modeling languages are excellent constructionist environ-
ments for learning probability — the learner is constructing objects using
probahilistic components. This situation is analogous to the acquisition of
print literacy asit includes both reading and writing. Instead of just ‘read-
ing’ about probability (by being given the summary formulag), the learner
"writes" with probability.

6. CASE STUDIES

The remainder of this paper will be devoted to two case studies. The cases,
taken from Connected Probability interviews, are offered as illustrations
of epistemological anxiety concerning the notion of normal distribution
and, in one case, a successful therapy through StarLogo modeling in a
Connected Mathematics context.

6.1. Normal Anxiety — Lynn’stricky distributions

Let me introduce Lynn, a psychologist in her mid-thirties who at the time
of her interview had recently received her Ph.D. For her dissertation, Lynn
had done a statistical comparison study of different treatment modalities
for improving the reading comprehension of dyslexic children. While in
graduate school, she had taken an introductory probability and statistics
class as well as two classes in statistical methods. As such she would
‘naturally’ be classified as having a fairly sophisticated background. In
this interview fragment we will see that despite her sophisticated back-
ground, basic ideas of randomness and distribution are alienated for her
— neither trusted nor appropriated for her ends. Even though Lynn was
capable of applying formal statistical methods in her coursework, she was
fundamentally confused about the ‘ madness behind the method'. In this
interview, she starts to negotiate meaning for ‘normal distribution’. While
her attempts take her to a position vis a vis distributions which would be
considered just plain wrong in most university courses and may indeed
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be incoherent, she is for the first time grappling with the meaning of the
fundamental ideas of randomness and distribution. In so doing, shetakesa
step towards devel oping intuitions about and appropriating these concepts.

Asbackgroundtotheinterview, | asked Lynn about her attitudestowards
mathematics. Her reply was indicative of the issues that would arisein the
body of theinterview:

U: So, what was math like for you in school?

L: W, | was always good at math. But, | didn’t really like it.

U: Why wasthat?

L: Why? | don't know. | guess | always felt like | was getting away with
something, you know, like | was cheating. | could do the problemsand
| did well on the tests, but | didn’t really know what was going on.

One of the first questions that arose in the body of the interview with
Lynnwas. What would you estimate is the probability that awoman in the
USwould be at least 5’5" tall?

Hereisthetext of the ensuing conversation:

L: Wl | guessit would be about 1/2.

U: Why do you say that?

L: WEll height is normally distributed and I’d say the mean height of
women is about 5'5” so half of the women would be taller than 5'5".

: Why would half the women betaller than the mean?

: Because the curve of the normal distribution is symmetric around the
mean — so half would be below it and half aboveit.

: What about the number that are exactly 5’5" tall?

: WEI | guess they could make a difference, but no — they shouldn’t
matter because they're just one data point and so can be ignored.

: You can ignore any one data point?

. Yes, .... because there are infinitely many data points so one doesn’t
make a difference.

U: But can you make infinitely many height discriminations? How do you

measure height?

— C — C

— C

Here, I'm just trying to probe Lynn's thinking about discrete vs. con-
tinuous distributions.

L: WHI.... | guess we measure it in inches — so there probably aren't
infinitely many data points. I'm somewhat confused because | know
height isdistributed normally and | know that for normal distributions
the probability is 0.5 of being bigger than the mean, but how come
you can ignore the bump in the middle? | guess0.5isjust an estimate,
it's approximately 0.5.

U: How do you know height is distributed normally?
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: | don't remember where | first learned it, but lots of the problemsin
the stats books tell you that.

My question wasintended to elicit an explanation of why Lynn believed
ght was distributed normally in terms of her personal knowledge, but

Lynn responded toit asabout probing the context of gaining that knowledge
and the authority it derives from.

rCrCcr C

rCcCr C

— C

rcrcr

: Why do you think height is distributed normally?

: Come again? (sarcastic)

: Why isit that women's height can be graphed using a normal curve?

: That's a strange question.

. Strange?

: No one's ever asked me that before..... (thinking to herself for a while)
| guess there are 2 possible theories: Either it's just a fact about the
world, some guy collected a lot of height data and noticed that it fell
into a normal shape.....

: Or?

: Or maybeit's just a mathematical trick.

: Atrick? How could it be a trick?

: WEll... Maybe some mathematician somewhere just concocted this
crazy function, you know, and decided to say that height fit it.

: You mean...

: You know the height data could probably be graphed with lots of
different functions and the normal curvewas just applied to it by this
one guy and now everybody has to use his function.

: So you're saying that in the one case, it's a fact about the world that
height is distributed in a certain way, and in the other case, it's a fact
about our descriptions but not about height?

. Yeah.

: WelI, if you had to commit to one of these theories, which would it be?

: If 1 had to choose just one?

. Yeah.

1 don’'t know. That's really interesting. Which theory do | really
believe? | guess I've always been uncertain which to believe and
it's been therein the background you know, but | don’t know. | guessif
| had to choose, if | have to choose ong, | believe it's a mathematical
trick, a mathematician’s game. ....\What possible reason could there
be for height, ....for nature, to follow some weird bizarro function?

The above was a short section of the first probability interview |

conducted®. Until the last exchange transcribed, | had the feeling that the
interview was not very interesting for Lynn. But after that last exchange
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she got very animated and involved in the interview. This question of the
reality vs. ‘trickiness’ of the normal and other distributions occupied her
for much of the next few discussions. She came back to it again and again.

At the time, | was a bit surprised by this reaction. Earlier in the inter-
view, when | asked her about infinitely many height discriminations, |
was trying to steer Lynn into making a distinction between a discrete and
continuous distribution. This, | thought, might have resolved her dilemma
about ignoring the ‘bump in the middle’. But | was not expecting to hear
such basic doubts about the validity of statistics from someone with so
much experience studying and using statistical methods™.

Lynn’squestion was, as she says, ‘in the background’ al the time when
she thought about statistics. How could it not be? At the same time that
she was solving probability and statistics problems for homework, and
later on when she actually implemented a study which used statistical
tests to evaluate treatments, she was never really sure that the formulae
she was using had any explanatory power, any real meaning other than
mathematical conventions. Isit any wonder, then, that she was engaged by
this question? Up until now, no one had engaged her in discussion about
how to interpret the mathematical formulae she was using. She was left
feeling that her ownwork played by the‘official rules' but in away was not
accessibleto her —and she harbored doubts about itsvalidity. Her questions,
while essentially epistemological, go to the heart of the mathematics of
probability. Note that, in emphasizing the normal distribution, her courses
had led her to see the process of describing height by a curve as asingle
processwith asingle agent (possibly the mathematician) controllingit. The
idea of the height distribution as being emergent from many interacting
probabilistic factors was not in awareness.

Had we tested Lynn on textbook statistics problems, she would have
performed flawlessly!. Yet, even in ainterviewee of such sophisticated
background, epistemological anxiety was lurking in the background. Lynn
knew that she did not really know what gave validity to the procedures she
had so laboriously mastered. Through engaging in this interview, her fun-
damental confusion is exposed. To an uninformed observer, it might seem
that the interview has caused Lynn to regress, confusing her about material
she has mastered. But, in fact, by expressing her partial understandings
of distributions through asking whether normal distributions are ‘just a
mathematician’s trick’, Lynn takes a big step towards a more Connected
Mathematical understanding of distributions.

In the next interview, we will see how another interviewee, engaged in
building a StarLogo model of normal distributions, deals with these same
issues.
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6.2. Modeling Normal Behavior - Alan’s Hopping Rabbits

Alan, agraduate student in mediastudies had astrong college mathematics
background. In the course of our interview, we encountered the topic of
heights falling into normal distributions. Although, he is mathematically
quite sophisticated, Alan, too, expresses confusion about normal distribu-
tions.

A: | never really understood normal distributions. | mean | can do the
problems, I’ ve even helped Wendy [his wife] with her statistics prob-
lems, but what isreally going on? Why should height fall into a nor mal
distribution?

U: Would you expect height to fall into another kind of distribution?

A: | don't know. It's not clear to me why there should be any regular
pattern at all to height measurements. Couldn’t it be distributed one
way in some populations and other ways in other populations?

U: So why do you think height does fall into the distribution?

A: | don’'t know. Could it bethat for the sake of simpler analysis, weforce
this function on the data?

Alan, here, sees no reason why there should be a pattern to height data.
He has not connected the distribution of heights to a set of probabilistic
rulesthat might determinethe pattern. Furthermore, like Lynn, heisunsure
whether the normal distribution isadescription of thereality of height data
or the forcing of a function onto that data— a kind of mathematical trick.
We can therefore describe Alan, too, as suffering from epistemological
anxiety with regard to normal distributions.

Alan continues to wonder about the nature of normal distributions and
| suggest he focus on the question of explaining the distribution of height.

A: So,itall comesdowntowhyisit that height might fall into this pattern.
| don’'t see a good reason. Could it be just a fact, a brute fact about
the world? | don't think so, but I’ m not sure.

U: What if you tried to construct an explanation? How would you go
about trying?

A: I’ve never really tried to do that before. But, | guess | could try and
tell a story... (long pause)

A: You start out with this one couple, Adam and Eve say, and they're a
certain height. No, make this simpler, we just have Adam'3 and he's
a certain height. Now let’s suppose we have parthenogenesis, (is that
the word?) and Adam has kids on his own. And suppose his kids are
a bit off from where he is [that is, dightly different heights] due to
copying errorsor something. Then they sort of formallittle bell curve
- anyway a binomial distribution. Now supposethey have children and
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that process continues many generations, then wouldn’t you wind up
with a normally distributed population?

U: Interesting story. How would you know if this story is a good expla-
nation?

A: Well, | could try and make it into a computer program. Can you help
me set it up in StarLogo?

U: Yeah, | can do that. It would be fun. I’'ll help with the coding, but I'd
like you to drive the model — that is you tell me how to translate your
story into a computational model. OK?

A: Sure.

The model Alan created involved rabbits hopping along the computer
screen'®. The model is initialized to have thousands of ‘rabbits at the
bottom middle of the screen. (Call the initial location of the rabbits the
‘origin’. For reference, agreen vertical lineis placed at the origin.) Rabbits
can hop right or left from the origin on aline at the bottom of the screen.
(Cdl it the hoppingline) Each rabbit hasaset of possible step sizeswhichit
can hop in one clock ‘tick’. Associated with each step sizeis a probability
— the probability that the rabbit will choose that step size. To make the
interface easier for himself and other possible users who might not be
comfortable with probabilities (expressed as real numbers between 0 and
1), the probabilities of rabbit steps are expressed as integer relative odds.
The rabbits are initialized with the command ‘ setup-rabbits' which takes
three arguments: the number of rabbits, a list of step-sizes and a list of
probahility-ratios. So, for example, if one wanted to create 1000 rabbits
that could hop to the right 2 units with probability 3/4 and hop to the left
1 unit with probability 1/4, one would type the command

setup-rabbits 1000 [2 -1] [3 1].

After executing this command, the rabbits would be al piled on top of
each other at the middle bottom of the screen. It isthen possibleto perform
experiments and let them hop for awhile. At each clock cycle each rabhbit
picks a step to hop according to the probabilities and hops that distance
on the hopping line. Once the rabbits have hopped for one clock tick, they
are no longer all in the same place. They are still on the hopping line, but
at different x positions on that line. Above each position at which there
are rabbits present, we display a yellow column — the height of which
is proportional to the number of rabbits at that location. In this way an
evolving ‘living’ histogram of the distribution of rabbit locations on the
hopping line appears on the screen.
To make this a bit clearer, let’s take a simple example:
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If weinitialize the rabbits with the command setup-rabbits 8000 [1 -1]
[1 1], then 8000 rabbits will appear at the origin. Each rabbit has been
initialized so that it can only hop either one unit to the left or one unit to
the right with equal probability. If we let them hop one step, then because
the probability of moving left is the same as the probability of moving
right, approximately half the rabbits will move one unit left and another
half will move one unit right. As aresult two roughly equally high yellow
columns will appear on the screen above locations x=1 and x=-1. If we
now let the rabbits hop one more step, there will be atall yellow columnin
the middle and shorter, roughly equally high, yellow columns to the right
and to theleft. Continuing this processwill lead to histograms of binomial
distributions symmetric about the origin. (See Figure 1 below).

setup-rabbits 8000 {1 -11[1 1] after 10 “hops” setup-rabbits 8000 {1 -1} {1 1] after 40 “hops”

Figure 1.

In the above simple example, when the rabbits hop, their average loca-
tion does not move from the origin — the histogram of rabbitsis symmetric
about the origin. To help visualize the movement of the rabbits when the
averagelocation does change, a purple columnis displayed abovethe aver-
age location and a green column ‘remembers’ where the rabbits started.
Natural questionsthat arise in this rabbit jumping ‘microworld’, then, are:
what will cause the averagelocation of the rabbits to change and what will
cause more of them to be one side of the average than on the other?

Asyoumay recall, thereason Alan created thismodel wasto investigate
his theory of height distributions. One way to think of the rabbits when
they're al at the origin is as a population of individuals al of a standard
height. When rabbits take a step they represent new individuals in the
population who have deviated dlightly from their parents' height. In the
simpleexampl e, discussed above, the average height of the population does
not change and the population heights are symmetric about this average.
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When viewing this example, Alan exclaimed: ‘| see why population
heights are symmetrical, the rabbits hop the same distance to the right as
to theleft’. He then typed in the command setup-rabbits 8000 [2 -1] [1 1].
‘Now’, he said, ‘the graph won't be symmetrical, it will skew to theright'.
But to Alan’s surprise, when the rabbits hopped, the histogram remained
symmetrical, but the purple line representing the average rabbit location
(or average population height) moved to the right.

Alan intently watched the rabbits hopping and quickly understood the
‘bug’ in histhinking:

A: ‘'l see. Rabbits hop farther to the right when they hop but they're
till just as likely to hop right as left. So, the distribution will remain
symmetric, it will just move to the right one unit on average for each
step. To make the distribution asymmetric, you need to change the
probabilities not the step sizes!

Alan then issued the command ‘setup 8000 [2 -2] [3 1]’ to try out a
case of equal step sizes but different probabilities. The observed results
confirmed his conjecture as shown in figure 2 below.

setup 8000 {2 -2] {3 1] after 10 hops

Figure 2.

At thisjuncture, Alan seemed excited and engaged with connecting the
StarL.ogo program with his original question. | asked him what he felt he
had learned from his modeling investigation:

A: It makes sense to me now why heights fall into normal distributions.
It's because children are just as likely to be shorter asthey are to be
taller than their parents.
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He further elaborated:1°

A: If children arejust aslikely to be shorter as they are taller than their
parents but when they are taller their difference from their parents
is larger, then the population as a whole will slowly'® get taller. But
since we know that height of the population as a whole is symmetri-
cally distributed, children must be equally likely to be taller as they
areto be shorter than their parents. | seewhy normal distributionsare
so common. Whenever we make a measurement, we're just as likely
to make a mistake in one direction as the other, so the resultant dis-
tribution of measurementswill be normal. Its average will bethe true
value of the measurement and the spread of the graph will depend on
the accuracy of the measurement.

Alan then went on to investigate what would happen to the distributions
if hegavetherabbitsamuchlarger ‘palette’ of step sizes. Thisinvestigation
leads him to more insights about how different micro-level rules produce
different probability distributions. When | asked Alan to sum up what he
haslearned from hismodeling experience, he expresses satisfaction that he
has gained adeeper understanding of binomial distributionsand ‘ what kind
of animal adistributionsis’. But, he also says that perhaps he has not yet
“entirely understood normal distributions’. He speculates that the normal
distribution is ‘the limit of the binomial distribution as ‘n’ approaches
infinity —when you fill in the gaps between the bars of the binomia’. He
worries, however, that he doesn’t yet sufficiently understand the connection
between the binomial distribution and thefogmul aheremembersfor normal

distributions: ‘how doesthe integral of e~z come out of this?.

It is important to remember that Alan began the interview with a com-
mand of elementary probability and statistics. He wasfacile with the math-
ematicsof binomial processesand knew the standard parametersand statis-
tics of normal distributions. It was the connection between these two areas
of his knowledge that was missing for Alan. School mathematics, like
pre-nineteenth century mathematics keeps these two disciplines separate.
Indeed, with limited computational power, itishard for aschool curriculum
to make a meaningful connection between the two. Object-based parallel
modeling languages bring the two back together. By enabling Alan to give
probabilistic rules to the individuals and see the resulting pattern of the
ensemble, the StarLogo modeling language enabled him to make these
connections. Making these connections relieves the epistemological anx-
iety that lay naggingly in the background and enables him to pursue his
investigation with confidence. Though Alan has made significant progress
in his understanding of distributions, he is not done. His desire to fur-
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ther connect his new understanding to the formula he learned in school
exemplifies his appropriation of the Connected Mathematics approach.

7. DISCUSSION

Itisclear that the source of Lynnand Alan’sdifficulty with P& Sdid not lie
in alack of technical proficiency. By most standards, their understanding
wasadvanced. Theissueisthat their understandingwasnot well connected.
The case studies demonstrate their ability to make these connections and
developrichintuitionsin areas, which, in the past, they accommodated by
mechanically applying formulae. This supports the Connected Probability
project’s stance of eschewing the accomodationist view which says ‘that’s
theway itis for P& S, and, instead, viewing P& Sasfitting within thelarger
framework of research in understanding mathematics. Development of
intuition and changesin understanding can happen in ways consistent with
abroad developmentalist stance. Inthisdiscussion, | emphasizethefeatures
of the Connected Mathematics therapy that facilitated the development of
effective intuitions about normal distributions.

Both Lynn and Alan had strong mathematical backgrounds, had done
graduate coursework in mathematics and had excelled. Both of them were
very comfortable doing the formal manipulationsthat constitute the major
component of traditional instruction in P&S. Nonetheless, both explic-
itly expressed considerable discomfort concerning the notion of normal
distribution — the most salient example of the core statistical notion of
probability distribution. Regarding the nature of normal distributions, they
suffered from epistemol ogical anxiety. Thetherapy providedintheselearn-
ing interviews consisted of two main interventions; 1) Validation of the
importance of Lynn and Alan’s mathematical voice, their personal view of
the mathematics and its relation to their own experience. This validation
was achieved by explicit avowal at the start of theinterview, by open-ended
interviewsthat followed the interviewee' s own thinking and by long drawn
out interviews that declared of themselves that the interviewee's concep-
tions were valuable and valued. 2) The use of an object-based parallel
modeling language, StarLogo, in which to build computational models
of probabilistic phenomena and successively refine them. These supports
provided a context in which to work through their epistemol ogical anxiety.

Though, clearly, neither Lynn nor Alan were experts in P&S, their
sophisticated mathematics background as well as their formal mastery of
P& S techniqueswould qualify them as expertsin the eyes of many educa-
tors. These ' near-experts were no less confused about normal distributions
than were the novice interviewees. Indeed, instructors of P& S with whom
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| have shared Lynn's interview have been ‘appalled at the incoherence of
her remarks!’, yet, instructors like these, awarded top grades to Lynn in
her P& S courses. Interviews such as these cast serious doubt on theories
which assert astrong disjunction between novice and expert understanding.
Even experts must laboriously map out clarity from avery messy ‘terrain’.
By overemphasizing formal operational thought, typical mathematics edu-
cation alows intellectual accommodation to be an adequate endpoint. In
Connected Mathematics, understanding is taken to mean ‘multiply con-
nected” and not cleanly and uniquely specified. This embraces ‘messy’
conceptions at all levels of expertise in the process of learning. One has
never ‘arrived’ .

Rather than emphasizing problem solving, Connected Mathematics
emphasizes problem posing. In problem solving, the questions are often
disembodied and not the learner’s own. Within Connected Mathematics,
modeling is both amedium in which learners can formulate their questions
in aprecise way and a method for building their understanding.

Once Alan posed the problem of the symmetry of the distribution, his
reasoning is expressed and refined in interaction with the model he has
built. Alan strives to find the connections between his representation of
the individual rabbits’ behaviors and the global pattern that they form. He
debugs his model by varying each of the three inputs to the run-rabbits
procedure, focusing particularly on the lists of steps and ratios. How will
variationsin the lengths of thelists and the rel ative magnitudes of the steps
and ratios affect this emergent pattern? He alternates his focus from the
micro-level, the behavior of the individual rabbitsto the macro-level of the
distribution. To better keep track of the change in the global pattern over
time, he takes advantage of StarL. ogo’s open-ended programmability and
builds representational aids such as the ‘origin line', the ‘hopping line’
and color-coded classes of rabbits. These representations and tools allow
him to debug his original conception that the relative size of the steps
is the key to an asymmetric distribution and, instead, to see the relative
size of the probabilities as the key factor. By building distributions with
probabilistic parts and making them work, Alan makes probability ratios as
concrete for himself as step-sizes, and sees how distributions are built out
of these concrete building blocks. Extending, enhancing and debugging
the computational model itself is essential to the activity of modeling. This
distinguishesit from model consumptioninwhichlearnersareleft to tweak
the inputs of an expert’s model.

When using an object based parallel modeling language, it becomes
natural to view probability distributions as akind of emergent phenomena.
Rather than manipulate the tokens of formalism, learners are invited to
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negotiate the interaction of the micro- and macro-levels of probabilistic
and statistical phenomena. Through connecting these levels of emergent
phenomena, learners understand the ‘ mechanisms’ of probability distrib-
utions — how they are assembled from their constituent elements. When
these interactions are understood, the global patterns become more than
just descriptions to be memorized, they are tools to be used.

Binomial probability distributionsare elementary examplesof emergent
phenomena — emerging from the behavior of non-interacting individuals.
Other probability distributions emerge from more interactive individual
behavior. Many natural phenomena can be modeled as systems whose
global behavior are not predictable using non-computational mathematics.
Such phenomenaasthe shape of asnowflake, the dynamicsof co-extensive
wolf and sheep populations, the economy of acountry —all of these can be
modeled as emerging from the interactions of their constituent individuals.
Learning to see emergent phenomena — that is learning to describe the
phenomena as arising from the interactions of distributed parts — is, in
itself, a worthy goal for educators. From this perspective, P& S becomes
not an end, but an entry point to the world of complex systems.

In the Connected Probability project, the role of technology is as a
medium of personal expression and articulation of ideas. Empowering
literacy implies being able to say something of your own, rather than
just manipulate the texts of others. While models are ubiquitous in the
current learning literature, modeling is not. Modeling calls on learners to
say something on their own, to be authors of mathematics. Thisimpliesthe
best use of technology is for learners to be model builders not just model
consumers. The StarLogo modeling language has specific features which
alow for this articulation:

e Modeling at thelevel of objects: StarL ogo allowed Alanto create, visu-
alizeand modify individual rabbits. Alanwas, thus, ableto experiment
with individual rabbits whose hopping behavior he could track, con-
trol, model with his own body. These features of the language enabled
Alan to leverage his knowledge of individual behavior to knowledge
of the ensemble — to connect the micro- with the macro-.

e Parallelism: The ability to control thousands of rabbits at once gave
Alantheexperimental apparatus he needed to conduct hisinvestigation
in ‘rea time'. The ability to experiment with collections of rabbits,
to enable sub-populations of rabbits to have different behaviors was
crucial to his construction of the distribution.

e General purpose programmability: The ability to create his own rep-
resentations (as opposed to manipulating the parameters of a pre-
conceived model) gave Alan the freedom to construct normal distri-
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butions in a way that arose from his own nascent understanding of
them. It also enabled him to create computationally active tools, such
as the “hopping line'. These refinements of his computational model
provided greater support for his experimentation and, in turn, led to a
refinement of his mental model.

In a Connected Mathematics learning environment, learners are sup-
ported in actively connecting areas of their knowledge that have, hitherto,
remained separate. Computational platforms, in their ability to bring into
being new forms of representation and symbolization, can be powerful
tools for making these connections. Object-based parallel modeling pro-
vides anew way of coming to understand and articul ate understandings of
probability and statistics and, in so doing, addresses and relieves episte-
mological anxiety.
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9. NOTES

9| choose to use the term "P&S", conceptualizing the two disciplines as a single unit, to
emphasize the connections between these two areas of mathematics. In the mgjority of
secondary schools in the U.S., these two areas are seen as quite distinct with probability
referring to combinatoric formulae and small data sets, while statistics refers to descrip-
tive statistics and classifications of distributions. This separation mirrors the historical
development as pre-nineteenth century thinkers saw statistics as normative descriptions
of populations which was in opposition to probability which was about randomness and
chance. It wasn't until the nineteenth century that mathematicians such as Bortkeiwicz,
Galton, Quetelet started to use probability distributions as data models for statistics. (See
Larsen and Marx, 1986; Kruger et al, 1987).

! Some researchers (e.g., Steinbring, 1991; Papert, 1996) have used the broader term
stochastics instead of P& S. Stochastics does seem to be a better choice for referring to
the broader domain of phenomena that involve randomness. In this paper, | use P&Sto
emphasi ze the relationship to the current disciplines and practices of formal education.
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2 Inmany universitiesin the United States, it has become current to refer to these courses
as "sadistics".

3 As some theorists (e.g., Gould, 1991) tell the story, the human brain evolved at atime
when probabilistically accurate judgments did not confer significant selective advantage.
Conseguently, the brain evolved to make use of these heuristic shortcuts that were not so
taxing on mental resources.

4 The term "accommodationist" is suggested by analogy to Piagetian accommodation —
that the learner must accommaodate her/his thinking about P& S to an external formalism
instead of assimilating the stochastic phenomena to a collection of intuitive models. | am
indebted to Walter Stroup for suggesting this term.

5 The shortest interview was two hours long, the longest eighteen hours, and the medi-
an seven hours. These figures refer to the face-to-face interview time. Some interviews
continued over electronic mail for up to two months following face-to-face interactions.

8 World hereis broadly conceived. The tools of mathemati cs themsel ves become part of
the world and new tools are needed to make sense of them in turn. Note that tools can be
invented/constructed by individuals but, more often, are refined through a process of socia
negotiation.

7 For an explication of the term "image" in reference to mathematics and science see
(Brandes, 1996).

8 The hurdle presented by this massive construction may be responsible for alarge shift
in perspective such as may occur in transitioning from a deterministic to a probabilistic
‘mindset’ (see Resnick and Wilensky, 1993; forthcoming).

9 Short at least in proportion to the total length of the interview which lasted eight hours
and made me realize how much time this kind of research would require.

10 After having conducted many more such interviews, | am no longer surprised by such
fundamental doubts and confusions among even the very best students of mathematics
— they have surfaced in almost every interview we've done in the Connected Probability
project.

1 As part of the extended interview, Lynn did cal culate some standard statistical tests
that would substantiate this claim for her performance.

12 Bracketed texts are the author’s remarks.

¥ Interesting that Alan picks a same sex progenitor. Most discourse about original
progenitors refersto female ‘Eves'.

14 This ‘rabbits model may seem surprisingly unnatural as a model for the story Alan
told about height. However, the hopping rabbit model came easily and spontaneously to
Alan asa'trandation’ of his story.

15 Thisis a paraphrase of Alan’s conclusions reconstructed from my notes.

16 Presumably slowly because the difference of differences (or asymmetry) is expected
to be small.

17 For a description of the pervasiveness of college instructors overestimation of their
students understanding, see (Thornton and Sokoloff, 1990; in press).
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