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 LEVERAGING EPISTEMOLOGICAL

 DIVERSITY THROUGH COMPUTER-BASED

 ARGUMENTATION IN THE DOMAIN OF

 PROBABILITY

 DOR ABRAHAMSON, MATTHEW BERLAND, BENJAMIN SHAPIRO,
 JOSHUA UNTERMAN, URI WILENSKY

 ThiV aUWicle [1] iV a caVe VWXd\ Rf WechQRlRg\-faciliWaWed aUgX-
 meQWaWiRQ. SeYeUal gUadXaWe VWXdeQWV, Whe fiUVW fRXU aXWhRUV,
 SUeVeQW aQd QegRWiaWe cRmSlemeQWaU\ iQWeUSUeWaWiRQV Rf a
 diagUam geQeUaWed iQ a cRmSXWeU-VimXlaWed VWRchaVWic
 e[SeUimeQW. IQdiYidXalV XVe iQfRUmal YiVXal meWaShRUV, SUR-
 gUammiQg, aQd fRUmal maWhemaWical aQal\ViV WR gURXQd Whe
 diagUam, i.e., WR achieYe a VeQVe Rf SURRf, cRQQecWiRQ, aQd
 XQdeUVWaQdiQg. The NeWLRgR mRdeliQg-aQd-VimXlaWiRQ eQYi-
 URQmeQW [2] VeUYeV WR VWUXcWXUe RXU gURXQdiQg, aSSURSUiaWiQg,
 aQd SUeVeQWiQg Rf a cRmSle[ maWhemaWical cRQVWUXcW. We
 demRQVWUaWe iQdiYidXalV' imSliciWl\ diYeUVe e[SlaQaWRU\
 mechaQiVmV fRU a VhaUed e[SeUieQce. We VhRZ WhaW WhiV eSiV-
 WemRlRgical diYeUViW\, VRmeWimeV WhRXghW WR XQdeUmiQe
 leaUQiQg e[SeUieQceV, caQ, giYeQ aSSURSUiaWe leaUQiQg eQYi-
 URQmeQWV aQd WechQRlRgical flXeQc\, fRVWeU deeSeU XQdeU-
 VWaQdiQg Rf maWhemaWicV aQd VcieQce.

 CRmSXWeUV caQ be SRZeUfXl WRRlV fRU leaUQiQg maWhemaW-
 ical cRQceSWV. OQe SRZeUfXl Za\ WR XVe cRmSXWeUV fRU
 leaUQiQg maWhemaWicV iV WhURXgh Whe e[SlRUaWiRQ aQd cRQ-
 VWUXcWiRQ Rf cRmSXWeU-baVed maWhemaWical mRdelV aQd
 VimXlaWiRQV (FeXU]eig aQd RRbeUWV, 1999; JacRbVRQ aQd
 KR]ma, 2000; WileQVk\, 1997). HRZeYeU, XVeUV' leaUQiQg
 e[SeUieQceV WhURXgh cRmSXWeU-baVed mRdeliQg, Ze belieYe,
 caQ be gUeaWl\ amSlified be\RQd UXQQiQg aQd RbVeUYiQg Vim-
 XlaWiRQV - leaUQeUV caQ eQgage iQ mRdeV Rf diVcRXUVe WhaW
 challeQge Whe YeUaciW\ Rf aQd aVVXmSWiRQV XQdeUl\iQg WheVe
 mRdelV aQd acW RQ WheVe challeQgeV.

 IQ RUdeU WR Wake gUeaWeU adYaQWage Rf Whe cRmSXWeU
 mediXm, Ze cRQWeQd, leaUQeUV VhRXld eQgage iQ WechQRl-
 Rg\-VXSSRUWed aUgXmeQWaWiRQ, iQclXdiQg TXeVWiRQiQg Whe
 aVVXmSWiRQV Rf e[iVWiQg mRdelV aQd aXWhRUiQg WheiU RZQ
 VimXlaWiRQV. ThiV cRQWeQWiRQ, iQVSiUed b\ PaSeUW'V cRQVWUXc-
 WiRQiVm (1991), iV deYelRSed iQ WhiV SaSeU WhURXgh a
 deVcUiSWiYe aQd cRllabRUaWiYe iQWURVSecWiRQ iQWR a Uich aQd
 aXWheQWic leaUQiQg e[SeUieQce Ze VhaUed WhURXgh cUiWiTXiQg
 each RWheU'V cRmSXWeU-baVed deVigQ ZRUk. We aWWemSW WR
 demRQVWUaWe Whe WhRXghW SURceVVeV mRWiYaWiQg iQdiYidXalV
 eQgaged iQ cUeaWiQg (SURgUammiQg) maWhemaWicV mRdelV. [3]
 IQ Whe cRQWe[W Rf mRdel deVigQ, Ze cRQVWUXe SURgUammiQg
 QRW aV aQ eQd iQ iWVelf bXW UaWheU aV a QaWXUal UheWRUical mRde

 Rf e[SUeVViRQ WhaW haUQeVVeV Whe cRmSXWeU - Whe "SURWeaQ
 machiQe," aV PaSeUW (1980) callV iW - iQ e[WeQdiQg, elabRUaW-
 iQg, aQd gURXQdiQg meQWal VimXlaWiRQ iQWR Whe SXblic VSace,
 a mRde WhaW iV aYailable WR cRmSXWeU-flXeQW iQdiYidXalV aQd
 cRXld be made aYailable WR all leaUQeUV.

 OXU aSSURach bXildV XSRQ Whe liWeUaWXUe WhaW adYRcaWeV
 WhaW VWXdeQWV cRQVWUXcW maWhemaWical XQdeUVWaQdiQgV WhURXgh
 eQgagiQg iQ acWiYiWieV ZiWhiQ "maWhemaWical eQYiURQmeQWV"
 (NRVV aQd HR\leV, 1996; PaSeUW, 1991; PiageW, 1952). CRm-
 SXWeU VimXlaWiRQV affRUd RSSRUWXQiWieV fRU VXch cRQWe[W-
 Xali]ed acWiYiW\ (FeXU]eig aQd RRbeUWV, 1999; JacRbVRQ aQd
 KR]ma, 2000; WileQVk\, 1993, 2001) iQ cRllabRUaWiYe leaUQ-
 iQg eQYiURQmeQWV, ZheUe VWXdeQWV caQ 'cRQQecW' WheiU
 TXaliWaWiYe iQWXiWiRQV WR fRUmal TXaQWiWaWiYe aUWicXlaWiRQ VXch
 aV gUaShV aQd fRUmXlae.

 CRllabRUaWiYe leaUQiQg diffeUV fURm e[clXViYel\ iQdiYidXal
 leaUQiQg iQ WhaW cRllabRUaWiRQ cRQVWiWXWeV a caWal\VW fRU aUgX-
 meQWaWiYe UheWRUic, WhURXgh Zhich iQdiYidXalV aUWicXlaWe
 hiWheUWR imSliciW iQWeUSUeWiYe mRdelV (CRbb aQd BaXeUVfeld,
 1995; EdelVRQ, Pea aQd GRme], 1996; GX]dial, HmelR, HXb-
 VcheU, Nagel, NeZVWeWWeU, PXQWambekaU, ShabR, TXUQV aQd
 KRlRdQeU, 1997; SWahl, 2000). AlVR, WheUe iV gUeaW heXUiVWic-
 didacWic YalXe iQ VhifWiQg beWZeeQ diffeUeQW iQWeUSUeWiYe
 mRdelV fRU makiQg VeQVe Rf RbVeUYed SheQRmeQa aQd
 beWZeeQ iVRmRUShic maWhemaWical UeSUeVeQWaWiRQV VXch aV
 diagUamV, gUaShV, aQd eTXaWiRQV (PRVW, CUameU, BehU, LeVh
 aQd HaUel, 1993). A cRllabRUaWiYe SheQRmeQRlRgical-maWhe-
 maWical QegRWiaWiRQ affRUdV RSSRUWXQiWieV fRU fRUmXlaWiQg aQd
 baUWeUiQg iQWeUSUeWiYe mRdelV (CRbb aQd BaXeUVfeld, 1995).

 We Wake Whe QaUUaWiYe fRUm Rf fiUVW SUeVeQWiQg fRXU diffeU-
 eQW iQWeUSUeWaWiRQV Rf a VimXlaWed SURbabiliVWic SheQRmeQRQ
 aXWhRUed iQ Whe NeWLRgR mRdeliQg aQd VimXlaWiRQ laQgXage
 [2] aV SaUW Rf deVigQ UeVeaUch caUUied RXW aW Whe CeQWeU fRU
 CRQQecWed LeaUQiQg aQd CRmSXWeU-BaVed MRdeliQg (CCL)
 aW NRUWhZeVWeUQ UQiYeUViW\, US. IQdiYidXal cRQWUibXWRUV,
 gUadXaWe VWXdeQWV iQ WileQVk\'V UeVeaUch gURXS iQ Whe LeaUQ-
 iQg ScieQceV aQd CRmSXWeU ScieQce deSaUWmeQWV, e[SlaiQ Whe
 e[SeUieQWial gURXQdV fRU WheiU UeVSecWiYe SeUVRQal iQWeUSUeWa-
 WiRQV. TheVe SeUVRQal iQWURVSecWiYe e[SlaQaWiRQV begiQ fURm
 idiRV\QcUaWic cRQVWUXcWiRQV Rf Whe SURbabiliVWic ViWXaWiRQ,
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 iQclXdiQg cRgeQW aVVRciaWiRQV fURm SUiRU kQRZledge WhaW
 WheVe iQdiYidXalV bUiQg WR beaU iQ WheiU VeQVe makiQg.
 ThURXgh VRcial iQWeUacWiRQ UeYRlYiQg aURXQd Whe SURbabiliV-
 Wic VimXlaWiRQ, WheVe iQdiYidXal iQWeUSUeWaWiRQV feed Rff each
 RWheU, cRQYeUge XViQg VhaUed UeSUeVeQWaWiRQV Rf Whe maWhe-
 maWical SURblem, aQd aUe ZRYeQ iQWR aQ iQWeU-VXbjecWiYe
 cR-cRQVWUXcWed accRXQW Rf Whe SheQRmeQRQ. ThXV, Whe QaU-
 UaWiYe fRUm Rf WhiV aUWicle iV XVefXl, becaXVe iW cRQYe\V aQ
 aXWheQWic cRllabRUaWiYe leaUQiQg SURceVV, giYiQg cRQWeQW WR
 aQd miUURUiQg Whe aUgXmeQW Ze deYelRS. The QaUUaWiYe cXl-
 miQaWeV iQ a cRQYeUVaWiRQ WhURXgh Zhich Ze came WR Vee
 Whe cRUUecWQeVV, Whe YalXe, aQd Whe SURblemaWicV Rf each
 RWheU'V SRiQWV Rf YieZ. [4]

 IQ Whe diVcXVViRQ, Ze cRllecWiYel\ UeflecW RQ RXU cRllabRUa-
 WiYe leaUQiQg WR aUgXe fRU Whe ceQWUaliW\ Rf cRmSXWeU
 VimXlaWiRQ aV a Yehicle Rf SURRf. AW Whe Vame Wime, b\ e[SRV-
 iQg Whe diVSaUiW\ beWZeeQ RXU maWhemaWical aVVXmSWiRQV
 UelaWiQg WR a ViQgle UeSUeVeQWaWiRQ, Ze cUiWiTXe Whe eSiVWemR-
 lRgical baViV Rf Whe RVWeQVible agUeemeQW Ze had achieYed.

 The maWhemaWical RbjecW
 ImagiQe Whe fRllRZiQg cRmSXWeU VimXlaWiRQ (Vee FigXUe 1).
 ThUee "bR[eV" aUe VeW iQ fi[ed SRViWiRQV iQ a URZ. AW Whe SUeVV
 Rf a bXWWRQ, aQRWheU VeW Rf WhUee bR[eV UaQdRml\ SaiQW Whem-
 VelYeV eiWheU 'gUeeQ' RU 'blXe.' ThXV, Whe UeVXlW Rf Whe
 cRmSRXQd eYeQW iV, eiWheU, gUeeQ-gUeeQ-gUeeQ, gUeeQ-gUeeQ-
 blXe, gUeeQ-blXe-gUeeQ, ..., ZiWh a WRWal Rf 8 diffeUeQW
 SeUmXWaWiRQV. NRZ, fXUWheU imagiQe WhaW a XVeU cUeaWeV a
 "VecUeW ke\," Va\ 'blXe-gUeeQ-blXe,' aQd WheQ Whe cRmSXWeU
 VeaUcheV fRU WhiV ke\. The cRmSXWeU'V "XQiQWelligeQW" VeaUch
 algRUiWhm iV WR VimXlWaQeRXVl\ SaiQW each Rf iWV bR[eV eiWheU
 gUeeQ RU blXe, UaQdRml\, aQd hRSe fRU Whe beVW. AQ eYeQW, Whe
 cRmSXWeU'V ViQgle gXeVV, caQ be eiWheU a "failXUe" (ke\ ZaV
 QRW maWched) RU "VXcceVV" (ke\ ZaV maWched). If eYeQWV aUe
 UecRUded aV a liVW Rf failXUeV aQd VXcceVVeV, ZiWh each VXcceV-
 ViYe eYeQW added RQ aW Whe eQd Rf Whe liVW, Whe\ fRUm a VWUiQg
 Rf leQgWh Q, ZheUe Q iV Whe WRWal QXmbeU Rf eYeQWV (failXUeV +
 VXcceVVeV), e.g., ffVfflfVfVfVVffVf±±±±fVfVffVVVfVffVfVffV. [5]

 TheVe flaVhiQg cRlRUed bR[eV aUe aQ e[amSle Rf a VWR-
 chaVWic e[SeUimeQW, Whe VWXd\ Rf a VXcceVViRQ Rf UaQdRm

 FigXUe 1: The maWhemaWical RbjecW (fUagmeQW fURm a NeW-
 LRgR mRdel). The XVeU haV VeW Whe X VecUeW ke\ "

 'blXe-gUeeQ-blXe, 'aQd Whe SURgUam Zill WU\ WR gXeVV WhiV ke\.
 MRQiWRUV aQd gUaShV Zill keeS WUack Rf hiWV aQd miVVeV.

 eYeQWV SURdXced b\ VRme mechaQiVm, ZheWheU cRQcUeWe RU
 YiUWXal, fRU Whe Vake Rf XQdeUVWaQdiQg SURbabiliVWic aVSecWV Rf
 Whe mechaQiVm. IQ VWRchaVWic e[SeUimeQWV, Ze e[SecW WhaW,
 if Ze SURdXce VXfficieQW daWa, Whe RXWcRme SaUameWeUV Zill
 UeflecW VRme geQeUal SURbabiliVWic WUaiW Rf Whe mechaQiVm
 (i.e., Whe LaZ Rf LaUge NXmbeUV, ZheUe RXWcRme diVWUibX-
 WiRQV cRQYeUge RQ Whe SURbabiliWieV iQheUeQW iQ Whe
 mechaQiVm). CRmSXWeUV aUe XVefXl iQ UaSidl\ geQeUaWiQg
 daWa. The cRmSXWeU geQeUaWeV UaQdRm QXmbeUV aQd WheVe
 ma\ be iQVWaQWiaWed WhURXgh cRde aV iQWeUface RbjecWV - e.g.,
 Whe cRlRUV Rf Whe bR[eV - WhaW giYe VeQVe WR Whe e[SeUimeQW.

 The cRlRUed bR[eV e[SeUimeQW cRXld haYe beeQ iQVWaQWi-
 aWed b\ fliSSiQg WhUee cRiQV iQVWead Rf cRlRUiQg WhUee bR[eV
 each ZiWh RQe Rf WZR cRlRUV. WheWheU VhRZiQg bR[eV RU fliS-
 SiQg cRiQV, Whe cRmSXWeU-VcUeeQ iQWeUface beWZeeQ Whe XVeU
 aQd Whe cRde affRUdV a d\Qamic SeUceSWXal e[SeUieQce WhaW
 iV UicheU WhaQ SUeVViQg a bXWWRQ aQd immediaWel\ UeceiYiQg aQ
 RXWSXW VWUiQg Rf eYeQWV RU jXVW a ViQgle SURceVVed YalXe. AlVR,
 Whe SaUameWeUV b\ Zhich e[SeUimeQWal daWa aUe SURceVVed
 ma\ YaU\, aQd, iQ facW, RQce daWa aUe cRllecWed, diffeUeQW
 e[SeUimeQWV ma\ dicWaWe diffeUeQW aQal\VeV Rf Whe Vame VeW Rf
 RXWcRmeV, WhaW iV, diffeUeQW Za\V Rf SaUViQg aQd TXaQWif\iQg
 Whe VWUiQg Rf failXUeV aQd VXcceVVeV. FRU iQVWaQce, Whe bR[eV
 e[SeUimeQW ma\ be UXQ iQ RUdeU WR eYalXaWe Whe fUeTXeQc\
 Rf VXcceVVeV (Vee FigXUe 2a), bXW \RX mighW lRRk aW Whe Vame
 VeW Rf daWa aQd ZRQdeU abRXW Whe aYeUage QXmbeU Rf WUialV
 fURm RQe VXcceVV WR Whe Qe[W (Vee FigXUe 2b). Each aQal\ViV
 caQ be UeSUeVeQWed iQ a diffeUeQW W\Se Rf gUaSh. AV iW ZaV,
 Ze diVcXVVed a gUaSh UeSUeVeQWiQg Whe RXWcRme diVWUibXWiRQ
 fRU QXmbeU Rf aWWemSWV XQWil VXcceVV.

 TheVe diVWiQcWiRQV beWZeeQ Whe maWhemaWical cRQVWUXcWV

 aQd Whe meWaShRUical RbjecWV aQd beWZeeQ diffeUeQW mRdelV
 Rf Whe Vame maWhemaWical daWa aV Zell aV iVVXeV Rf hRZ UeS-
 UeVeQWaWiRQV iQfRUm iQWeUSUeWaWiRQV Rf daWa all XVXall\ UemaiQ
 RSaTXe, becaXVe leaUQeUV haYe QR UeaVRQ WR SURbe WheiU
 imSliciW XQdeUVWaQdiQgV. We had RSeUaWed XQdeU Whe imSliciW
 aVVXmSWiRQ WhaW RQce a maWhemaWical cRQVWUXcW iV iQVWaQWi-
 aWed iQ bRWh a meWaShRU aQd a gUaSh WhaW UeSUeVeQWV Whe
 accXmXlaWiQg RXWcRmeV Rf Whe SURbabiliVWic e[SeUimeQW,
 WheUe ZRXld QRW be mXch URRm fRU iQdiYidXal iQWeUSUeWaWiRQ
 - RVWeQVibl\, Whe cRQVWUXcWiYiVW XlWUaVRXQd ZRXld QRW UeYeal
 iQWeUSeUVRQal diffeUeQceV. BXW Ze ZeUe ZURQg. We begiQ b\
 deVcUibiQg Whe iQWeUacWiRQ WhaW iQVWigaWed Whe debaWe, aQd WheQ
 Ze RXWliQe ZhaW iW WRRk fRU each VWXdeQW WR cRQQecW WR - WR

 Ueall\ XQdeUVWaQd - Whe VWRchaVWic e[SeUimeQW. The RaVhRmRQ
 VWUXcWXUe Rf Whe We[WV eQableV a cRQYe\iQg Rf aXWheQWic leaUQ-
 iQg e[SeUieQceV Rf iQdiYidXalV ZiWhiQ a cRllabRUaWiYe
 leaUQiQg VSace. [6]

 NaUUaWiYeV

 DXUiQg a deVigQ-Weam meeWiQg, DRU demRQVWUaWed hRZ a cRm-
 SXWeU-VimXlaWed VWRchaVWic e[SeUimeQW he had aXWhRUed [7]
 UeVXlWed iQ a bell-VhaSed hiVWRgUam. DRU'V aSSURach WR UeYeal-
 iQg Whe SURbabiliVWic WUaiWV Rf Whe mRdel had beeQ WR XVe
 VamSliQg. ThaW iV, DRU'V mRdel SaUVed Whe VWUiQg Rf iQdiYidXal
 RXWcRmeV iQWR VXbVWUiQgV Rf fi[ed leQgWh, cRXQWed XS Whe VXc-
 ceVVeV iQ each Rf WheVe VXbVWUiQgV, aQd diVSla\ed Whe
 VXcceVVeV-SeU-VamSle aV a hiVWRgUam, Zhich - aV iW haSSeQed
 - UecXUUeQWl\ gUeZ iQWR a bell-VhaSed cXUYe. The VamSle Vi]e
 iQ WhiV e[SeUimeQW ZaV 100 aWWemSWV.
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 FigXUe 2: TZR gUaShV Rf Whe Vame daWa-VeW Rf RXWcRmeV iQ a
 SURbabiliW\ e[SeUimeQW: VRme Rf XV e[SecWed Whe
 aWWemSWV-XQWil-VXcceVV gUaSh WR be bell-VhaSed, WRRf
 aQd WhiV e[SecWaWiRQ SURYRked Whe mRdeliQg aQd
 aUgXmeQWaWiRQ UeSRUWed iQ WhiV aUWicle.

 BeQ, JRVh, aQd MaWWheZ all e[SUeVVed cXUiRViW\ dXUiQg
 Whe meeWiQg aV WR ZheWheU RU QRW cRllecWiQg laUge VamSleV iV
 QeceVVaU\ fRU demRQVWUaWiQg Whe SURbabiliWieV iQheUeQW WR
 Whe mRdel. IQ SaUWicXlaU, Whe\ TXeVWiRQed Zh\ RQe cRXld QRW
 VimSl\ cRllecW VamSleV Rf XQiW-Vi]e RQe (i.e., iQdiYidXal
 gXeVVeV) aQd cRXQW Whe QXmbeU Rf ViQgle-gXeVV VamSleV XQWil
 each VXcceVViYe VXcceVV. BeQ aQd MaWWheZ ZeUe cRQYiQced

 WhaW 'VXcceVVeV-SeU-VamSle' ZRXld XVXall\ miUURU 'VamSleV-
 SeU-VXcceVV.' PeUhaSV Whe imSliciW aVVXmSWiRQ heUe ZaV WhaW
 ViQce Whe VeaUch algRUiWhm iWVelf ZRXld QRW be chaQged aQd
 ViQce Whe YaUiableV aUe held cRQVWaQW - Vame QXmbeU Rf

 bR[eV, cRlRUV, aQd WRWal QXmbeU Rf aWWemSWV - Whe gUaShic
 UeSUeVeQWaWiRQ, WRR, VhRXld UemaiQ XQchaQged. MaWWheZ aQd
 BeQ e[SecWed WheVe UeciSURcal UaWiRV (VamSleV/VXcceVV -*
 VXcceVVeV/VamSle) WR cRUUeVSRQd ZiWh VimSle V\mmeWU\
 WUaQVfRUmaWiRQV Rf Whe cRUUeVSRQdiQg diVWUibXWiRQ cXUYeV.
 DRU e[SlaiQed WhaW he had WUied XViQg WhiV aWWemSWV-SeU-VXc-
 ceVV WechQiTXe aQd had beeQ fUXVWUaWed ZiWh iWV UeVXlWV; WhaW
 Whe gUaSh SURdXced UeVembled a Vki-VlRSe WhaW had iWV Seak aW
 'VXcceVVeV RQ Whe fiUVW gXeVV' aQd WheQ decUeaVed e[SRQeQ-
 Wiall\ aV Whe QXmbeU Rf gXeVVeV iQcUeaVed.

 JRVh, MaWWheZ, aQd BeQ all aUgXed WhaW WheiU meWhRd ZaV
 ideQWical WR DRU'V VamSliQg WechQiTXe e[ceSW WhaW WheiU
 meWhRd cXUWailed each VeaUch aW Whe fiUVW VXcceVV WR cUeaWe

 YaUiabl\ Vi]ed VamSleV WhaW cRQWaiQed ViQgle VXcceVVeV. [8]
 ThaW iV, iQVWead Rf WakiQg maQ\ VamSleV Rf fi[ed Vi]e aQd
 cRXQWiQg XS Whe YaUied QXmbeU Rf VXcceVVeV iQ each VamSle,
 Whe\ VXggeVWed cRXQWiQg XS a fi[ed QXmbeU Rf VXcceVVeV - 1

 - ZiWhiQ QeceVVaUil\ YaUiabl\-Vi]ed 'VamSleV. ' A gUaShic UeS-
 UeVeQWaWiRQ Rf Whe diVWUibXWed fUeTXeQc\ Rf VXch VamSle Vi]eV,
 Whe\ aUgXed, VhRXld WheUefRUe be ideQWical WR Whe bell-VhaSed
 diVWUibXWiRQ WhaW DRU'V WechQiTXe diVcRYeUed. UUi UecRm-
 meQded WhaW Whe\ WhiQk abRXW "iQdeSeQdeQce." AbRXW WhiV
 Wime, Whe meeWiQg eQded.

 DRU'V ZRUld

 IW'V QRW WhaW DRU didQ'W XQdeUVWaQd Whe gUaSh. He ZaV SeUfecWl\
 haSS\ WR belieYe WhaW Whe cRde he had aXWhRUed himVelf iQdeed
 UeVXlWV iQ WhaW Vki-VlRSe gUaSh: "ThiV iV ZhaW \RX geW ZheQ
 \RX UXQ WhiV VWRchaVWic e[SeUimeQW." BXW WheQ hiV SeeUV, ZhR
 ZeUe ZiWQeVViQg Whe gUaSh fRU Whe fiUVW Wime, challeQged iW,
 Va\iQg iW VhRXld be bell-VhaSed aQd QRW VhaSed like a Vki-
 VlRSe. PeUhaSV if Whe\ VaZ Whe gUaSh iQ a We[WbRRk Whe\ ZRXld
 QRW haYe beeQ VR cUiWical, bXW Whe\ ZeUe all VXfficieQWl\ YeUVed
 iQ SURgUammiQg WR aSSUeciaWe WhaW DRU ma\ haYe eUUed iQ
 aWWemSWiQg WR fRUmXlaWe cRmSXWeU SURcedXUeV WhaW emXlaWe Whe
 e[SeUimeQW. SSXUUed b\ WheiU challeQge, DRU had WR defeQd
 aQd ZaUUaQW Whe gUaSh aV a Yalid UeSUeVeQWaWiRQ Rf hiV e[SeUi-
 meQW, VR he VeaUched fRU a meaQV WR cRQQecW WR Whe gUaSh.

 DRU W\Sicall\ gURXQdV maWhemaWical cRQVWUXcWV iQ Ueal-
 ZRUld RbjecWV aQd ViWXaWiRQV (AbUahamVRQ aQd WileQVk\,
 2003). SR, he VWUXggled WR fiQd a ViWXaWed mRdel WhaW ZRXld
 e[SlaiQ Whe lRgic Rf Whe ' 1/[-W\Se' cXUYe Rf Whe aWWemSWV-SeU-
 VXcceVV fUeTXeQc\ diVWUibXWiRQ, aQd VSecificall\ iWV
 QRQ-QRUmal VhaSe. [9] DRU came XS ZiWh Whe "VWickV" mRdel,
 aV fRllRZV: imagiQe WhaW each SeU-VXcceVV VWUiQg Rf RXWcRmeV
 iV a VWick Rf 3, 5, 2, .... XQiWV Rf leQgWh, makiQg XS a cRQcaWe-
 QaWiRQ Rf VWickV ZiWh Whe WRWal leQgWh Rf 40 XQiWV:
 ffV-ffffV-fV-fV-V-ffV-ffffffV-fV-ffV-V-V-fV-ffV-fV-ffV (Whe Vame
 VWUiQg Rf daWa fURm Whe maWhemaWical RbjecW VecWiRQ, abRYe).
 . NRZ, Whe VWRchaVWic mRdel WhaW had geQeUaWed VWUiQgV Rf
 RXWcRmeV RccXUUiQg RYeU Wime ZaV WUaQVlaWed iQWR VegmeQWV
 Rf VXbVWaQWiYe maWeUial e[WeQdiQg iQ VSace - VWickV. FURm Whe
 SeUVSecWiYe Rf Whe VWickV mRdel, Whe TXeVWiRQ Rf Whe 1/[-W\Se
 cXUYe becRmeV, "Wh\ iV iW WhaW if Ze cRllecW VWickV Rf WRWal
 leQgWh N (heUe, 40) Ze W\Sicall\ geW a gUeaWeU QXmbeU Rf
 VhRUWeU VWickV aV cRmSaUed WR lRQgeU VWickV?" If Ze ZeUe
 lRRkiQg aW WhiV VWUiQg Rf f 'V aQd V'V aV RQe Rf maQ\ diffeUeQW
 SRVVible RXWcRmeV Rf aQ eYeQW Rf leQgWh 40 WRWal aWWemSWV, Ze
 cRXld aVk, "HRZ maQ\ diffeUeQW aUUaQgemeQWV Rf VWickV Rf
 leQgWhV 1 XQiW WhURXgh 40 XQiWV aUe WheUe WhaW VXm XS WR 40
 XQiWV?" AQVZeUiQg WhiV TXeVWiRQ maWhemaWicall\ cRXld deWeU-
 miQe ZheWheU RU QRW mRVW cRllecWiRQV Rf addeQdV Rf 40 dR

 iQdeed cRQWaiQ mRUe 1 -VWickV (VWickV Rf leQgWh RQe XQiW) WhaQ
 2-VWickV (VWickV Rf leQgWh WZR XQiWV), mRUe 2-VWickV WhaQ 3-
 VWickV, mRUe 3-VWickV WhaQ 4-VWickV, aQd VR RQ. ThaW ZRXld
 e[SlaiQ Zh\ WheUe aUe 1/jc-W\Se cXUYeV aQd QRW bell-VhaSed
 cXUYeV RQ QXmeURXV UXQV Rf Whe "gUeeQ/blXe bR[eV" mRdel.
 SWUiSSiQg WhiV dRZQ WR baUe QXmbeUV, Ze aUe aVkiQg Whe fRl-
 lRZiQg: "GiYeQ aQ iQe[RUable SRRl Rf QXmbeUV 1 WhURXgh 40,
 hRZ maQ\ diffeUeQW aUUaQgemeQWV caQ Ze fRUm XQdeU Whe
 cRQdiWiRQ WhaW each VXmV XS WR 40?"

 The fiUVW RbVeUYaWiRQ iV WhaW WheUe iV jXVW a ViQgle aUUaQge-
 meQW fRU a ViQgle VWick Rf leQgWh 40: ^40`, a ViQgle VWick Rf
 leQgWh 40 XQiWV. TheUe aUe 2 aUUaQgemeQWV fRU a VWick Rf leQgWh
 39XQiWV: ^39+ 1` aQd ^1 +39`.FRUaVWickRfleQgWh38WheUe
 aUe 5 aUUaQgemeQWV: ^38,2`, ^2,38`, ^38, 1, 1`, ^1,38, 1`,
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 aQd ^ 1, 1, 38 ` . AQd VR RQ. ThXV, Whe VhRUWeU Whe VWick, Whe
 mRUe diffeUeQW aUUaQgemeQWV iW ma\ fiW iQWR. SR, iQ a UaQdRm
 bRXQded VWUiQg Rf WRWal leQgWh 40, Whe VhRUWeU Whe VWick, Whe
 higheU iWV chaQce Rf beiQg iQclXded. ThiV e[SlaiQV Zh\ Whe
 gUaSh deVceQdV fURm 1 WhURXgh 40. MXch laWeU, DRU leaUQed
 WhaW he had 'diVcRYeUed' SaUWiWiRQ-fXQcWiRQ diVWUibXWiRQV. [10]

 FigXUe 3: DRU *V VWick mRdel imSlemeQWed iQ NeWLRgR. NRWe
 iWV VimilaUiW\ WR FigXUe 2a.

 DRU cUeaWed a NeWLRgR mRdel WR VimXlaWe hiV VWick gaWh-
 eUiQg VR aV WR haYe emSiUical eYideQce WR VXSSRUW Whe
 YiabiliW\ Rf hiV VWick iQWeUSUeWiYe mRdel Rf Whe gUaSh (Vee Fig-
 XUe 3). He deVigQed Whe VimXlaWiRQ VR WhaW iW ZRXld SlRW aV a
 hiVWRgUam Whe fUeTXeQcieV Rf each VWick RYeU 10,000 UXQV Rf
 Whe mRdel, iQ each Rf Zhich Whe mRdel UaQdRml\ VelecWed
 QXmbeUV, addiQg Whem XS WR a VSecified WRWal (40 iQ Whe cXU-
 UeQW e[amSle). WheQ Ze UXQ WhiV mRdel RYeU aQd RYeU, Ze
 UeceiYe diffeUeQW VSecific QXmbeUV iQ Whe liVW, bXW Whe geQ-
 eUal fUeTXeQc\ diVWUibXWiRQ, e[SUeVVed iQ Whe hiVWRgUam
 VhaSe, UemaiQV cRQVWaQW. TR all aSSeaUaQceV, WhiV iV SUeciVel\
 Whe VhaSe Ze UeceiYe ZheQ SlRWWiQg Whe aWWemSWV-SeU-VXc-
 ceVV daWa fURm a ViQgle e[WeQded UXQ Rf Whe "gUeeQ/blXe
 bR[eV," VR DRU felW WhaW he QRZ WUXl\ XQdeUVWRRd Whe gUaSh.

 BeQ'V ZRUld

 IQ SUeSaUiQg fRU Whe RUigiQal meeWiQg, DRU had cRQVXlWed
 ZiWh BeQ, ZhR ZURWe aQ aQal\ViV Rf Whe cRmSXWaWiRQal cRm-
 Sle[iW\ Rf Whe SURblem, Zhich DRU WheQ imSlemeQWed, iQ Whe
 fRUm Rf a NeWLRgR mRdel (Vee FigXUe 4), iQ hiV SUeVeQWaWiRQ
 WR Whe UeVeaUch gURXS.

 The mRdel e[amiQeV hRZ Whe SURblem'V VamSle VSace
 gURZV ZiWh Whe QXmbeU Rf bR[eV aQd cRlRUV. IQ SeUfRUmiQg
 WhiV aQal\ViV, BeQ diVcXVVed Whe e[SecWed SeUfRUmaQce Rf
 VeYeUal gXeVViQg VWUaWegieV WhaW RQe (RU RQe'V cRmSXWeU)
 cRXld XVe WR fiQd a VecUeW ke\. HiV aQal\ViV Uelied XSRQ lRQg
 UXQ aYeUageV RYeU laUge QXmbeUV Rf ke\V RU XSRQ QRQ-UaQ-
 dRm gXeVViQg SaWWeUQV WhaW made gXeVVeV QRQ-iQdeSeQdeQW
 (ZheUeaV DRU'V Vcheme'V UaQdRm gXeVViQg made each
 gXeVV'V SURbabiliW\ Rf VXcceVV iQdeSeQdeQW). ThiV ZRUk
 allRZed BeQ WR haYe a VeW Rf VWURQg beliefV abRXW Whe SURSeU-
 WieV Rf Whe mRdel, Zhich ZeUe WheQ WeVWed aQd UefiQed RYeU Whe
 cRXUVe Rf diVcXVViRQV abRXW Whe mRdel. HRZeYeU, QeiWheU BeQ
 QRU aQ\RQe elVe iQ Whe gURXS immediaWel\ Ueali]ed WhaW BeQ
 XVed a VWUaWeg\ ZheUeiQ gXeVVeV ZeUe QRQ-iQdeSeQdeQW,
 ZheUeaV DRU'V mRdel WUeaWed gXeVVeV aV iQdeSeQdeQW.

 FigXUe 4: BeQ aQd DRU 'V UeSUeVeQWaWiRQV Rf VeaUch-algRUiWhm
 e[SecWaQcieV, VeW WR 3 bR[eV (P) aQd 2 cRlRUV (C).

 MaWWheZ'V ZRUld

 MaWWheZ cRQcXUUed ZiWh BeQ'V aQal\ViV Rf Whe SURblem
 VSace aQd embUaced WhiV aQal\ViV iQ hiV RZQ aWWemSW WR
 UeWhiQk Whe VeaUch algRUiWhm. While a bUXWe-fRUce ke\ VeaUch
 maSSed Zell RQWR Whe SURblem, a SURRf Rf Whe cXUYed diVWUi-
 bXWiRQ Veemed UemRWe. MaWWheZ decided WhaW iW iV SRVVible WR
 gXeVV UaQdRml\ iQ Whe VeaUch VSace WR fiQd a "VXcceVV," bXW
 ZiWhRXW aQ\ hiVWRU\ RU SaWWeUQ WR WheVe gXeVVeV, Whe VeaUcheU
 iV dRRmed WR UeSeaW "failXUe" gXeVVeV UaQdRml\ aQd iQdefi-
 QiWel\. HRZ cRXld \RX make aQ iQfRUmed gXeVV abRXW Whe
 UXQQiQg Wime Rf Whe VeaUch WhURXgh Whe ke\-VSace if iW ZaV
 e[SRQeQWial aQd memRU\-leVV? IW ZRXld Wake a YeU\ lRQg
 Wime WR fiQd VXcceVVeV iQ aQ\ laUge VeaUch VSace.

 BeQ aQd MaWWheZ WRgeWheU

 BeQ aQd MaWWheZ iQiWiall\ WhRXghW WhaW Whe XQWil-VXcceVV
 aSSURach ZRXld SURdXce a bell-VhaSed cXUYe (Vee FigXUe
 2b). ThaW iV, Whe\ e[SecWed a UXQ Rf aWWemSWV-XQWil-VXcceVV

 . Rf leQgWh 'meaQ - 1 ' WR be eTXall\ likel\ aV a UXQ Rf leQgWh
 'meaQ +1.' ThiV VeQVe Rf balaQce caQ Veem cRUUecW aW fiUVW,
 ZheQ \RX UeaVRQ accRUdiQg WR Whe fRllRZiQg lRgic WhaW cRQ-
 Ye\V a VeQVe Rf 'eTXiYaleQce': If \RX aUe UaQdRml\ gXeVViQg
 a QXmbeU beWZeeQ 1 WhURXgh [, \RX aUe QR mRUe likel\ WR
 gXeVV aQ\ Rf WheVe QXmbeUV - Whe\ aUe all eTXall\ likel\, ZiWh
 a SURbabiliW\ Rf 1/jc. HRZeYeU, Whe VXUSUiViQg facW iV WhaW WhiV
 liQe Rf UeaVRQiQg dReV QRW imSl\ WhaW UeSeaWed aWWemSWV-
 XQWil-VXcceVV Zill UeVXlW iQ aQ eYeQ RU a V\mmeWUic
 diVWUibXWiRQ Rf gXeVVeV. MXch Rf Whe cRQfXViRQ, Ze laWeU Ueal-
 i]ed, ZaV embedded iQ Whe claVVic diffeUeQce beWZeeQ
 iQdeSeQdeQW aQd cRQdiWiRQal SURbabiliW\ - a diffeUeQce Ze
 had all VWXdied \eW ZeUe QRW aWWXQed WR aSSl\.

 BeQ aQd MaWWheZ, diVVaWiVfied ZiWh Whe lack Rf UeVRlXWiRQ
 aW Whe eQd Rf Whe meeWiQg, begaQ ZUiWiQg a NeWLRgR mRdel
 WhaW imSlemeQWed WheiU aWWemSWV-XQWil-VXcceVV algRUiWhm. The
 NeWLRgR mRdel UaQ accRUdiQg WR Whe fRllRZiQg VimSle algR-
 UiWhm: Sick a UaQdRm QXmbeU, iQcUemeQW a cRXQWeU b\ 1, aQd
 if Whe QXmbeU iV a maWch, VaYe Whe cRXQWeU WR a liVW aQd UeVeW
 WhaW cRXQWeU WR 0. The\ XVed WheVe daWa WR SlRW a hiVWRgUam Rf
 Whe liVW Rf VamSleV-XQWil-VXcceVV cRXQWeUV. SXUSUiViQgl\, ZheQ
 WhiV cRde ZaV UXQ, iW VhRZed XS aV Whe SUeciVe gUaSh WhaW DRU
 had dUaZQ RQ Whe ZhiWebRaUd dXUiQg Whe UeVeaUch meeWiQg: a
 1/jc-W\Se gUaSh. BeQ aQd MaWWheZ checked Whe algRUiWhm aQd
 Whe cRde VeYeUal WimeV aQd WheQ fRUmXlaWed SUelimiQaU\ Whe-
 RUieV WR e[SlaiQ Whe gUaSh. ThaW iV, RQce Whe\ ZeUe VaWiVfied
 WhaW Whe\ had debXgged Whe cRde, Whe\ UelXcWaQWl\ WXUQed WR
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 debXg WheiU RZQ WhiQkiQg - Whe cRmSXWeU mRdel Whe\ had
 WhemVelYeV cUeaWed QRZ cRQVWiWXWed aQ eSiVWemic aXWhRUiW\
 WhaW fRUced Whem WR UecRQVideU WheiU SUiRU aVVXmSWiRQV. The\
 had QR cleaU idea Zh\ Whe gUaSh ZRUked aV iW did, bXW QRZ
 Whe\ had VRme WheRUieV. The\ had RZQeUVhiS Rf iW aV a SURb-
 lem iQVWead Rf aV a miVWake.

 JRVh'V ZRUld

 JRVh ZaV baffled b\ DRU'V UaWiRQale fRU SlRWWiQg VXcceVVeV-
 SeU-VamSle. The bell VhaSe Rf Whe gUaSh (Vee FigXUe 2a) felW
 cRUUecW, bXW JRVh WhRXghW iW ZaV SeUhaSV XQQeceVVaU\ WR UeVRUW
 WR VamSliQg iQ RUdeU WR geW WhiV VhaSe. SSecificall\, DRU'V
 bell-VhaSed fi[ed-VamSle diVWUibXWiRQ VXggeVWed WR JRVh WhaW
 he cRXld UeSUeVeQW Whe aWWemSWV-SeU-VXcceVV fUeTXeQcieV, WRR,
 iQ WeUmV Rf a bell-VhaSed diVWUibXWiRQ. "SXUe," he WhRXghW,
 "iW'V SRVVible WR geW WR Whe VRlXWiRQ Rf Whe ke\ cRlRU-cRmbi-
 QaWiRQ TXickeU WhaQ Whe meaQ QXmbeU Rf aWWemSWV-SeU-VXcceVV,
 bXW fRU eYeU\ Wime RQe fiQdV Whe VRlXWiRQ VlighWl\ TXickeU,
 WheUe'll be a diffeUeQW Wime ZheQ iW WakeV lRQgeU - iW VRUW Rf
 balaQceV RXW - jXVW like Whe QRUmal cXUYe."

 JRVh SURceeded WR aQal\]e Whe SURbabiliW\ Rf a UXQ
 (aWWemSWV XQWil VXcceVV) WhaW laQdV iQ each cRlXmQ Rf Whe fUe-
 TXeQc\-diVWUibXWiRQ gUaSh. ThaW iV, JRVh aWWemSWed WR
 UecRQVWUXcW Whe bXildiQg blRckV Rf Whe hiVWRgUam b\ VWeS-
 SiQg alRQg cRlXmQ-b\-cRlXmQ fURm Whe \-a[iV WRZaUdV Whe
 UighW aQd accRXQWiQg maWhemaWicall\ fRU each VWeS. OQ each
 WUial (aWWemSW), WheUe ZRXld be a l-iQ-8 chaQce Rf VXcceVV.
 ThaW SaUW JRVh kQeZ WR be WUXe. SR, 1 RXW Rf eYeU\ 8 UXQV
 VhRXld eQd XS iQ Whe cRlXmQ UeSUeVeQWiQg 1 WUial XQWil VXc-
 ceVV, aQd Whe UeVW Rf Whe UXQV - 7 RXW Rf eYeU\ 8 UXQV - Zill
 eQd XS VRmeZheUe WR Whe UighW Rf WhaW cRlXmQ (Vee FigXUe 5).
 TheQ, giYeQ WhaW a UXQ failed RQ Whe fiUVW WUial, iW RQce agaiQ
 haV a l-iQ-8 chaQce Rf VXcceVV iQ Whe VecRQd WUial, VR 7/8 [
 1/8 Rf Whe WRWal UXQV Zill eQd XS ZiWh 2 WUialV XQWil VXcceVV.
 ThiV iV ceUWaiQl\ leVV WhaQ iQ Whe fiUVW cRlXmQ. SimilaUl\, fail-
 XUe RQ Whe VecRQd WUial ZRXld SXVh Whe UXQ iQWR Whe Qe[W
 cRlXmQ WR Whe UighW. ThiV SURceVV cRQWiQXeV VR WhaW, fRU
 e[amSle, 3 WUialV XQWil VXcceVV Zill haSSeQ 7/8 [ 7/8 [ 1/8
 Rf Whe Wime, RU (7/8)2 [ 1/8. ThiV imSlieV WhaW Whe 3Ud cRlXmQ
 VhRXld haYe leVV WhaQ Whe 2Qd cRlXmQ. JRVh ZaV cRQYiQced

 WhiV SURceVV ZRXld cRQWiQXe aQd WhaW WheUefRUe, b\ iQdXcWiRQ,
 Whe Vki-VlRSe ZaV cRUUecW afWeU all.

 DeQRXemeQW

 WheQ BeQ aQd MaWWheZ came iQWR a VXbVeTXeQW meeWiQg,
 Whe\ ZeUe e[ciWed. The\ had cRded XS a NeWLRgR mRdel WR
 imSlemeQW Whe WhRXghW SURceVV WhaW Whe\, aV Zell aV JRVh, had
 had dXUiQg Whe eaUlieU meeWiQg aQd had fRXQd DRU'V aVVeUWiRQ,
 WhaW SlRWWiQg WUialV XQWil VXcceVV UeVXlWV iQ a Vki-VlRSe gUaSh, WR
 be WUXe. JRVh TXickl\ VkeWched fRU Whem hiV WhRXghW SURceVV
 RQ Whe SURblem, aQd Whe\ cRQfiUmed WhaW Whe\ ZeUe WheQ
 WhiQkiQg abRXW "VRmeWhiQg like WhaW." MaWWheZ, BeQ, aQd JRVh
 all, VWill, e[SUeVVed diVVaWiVfacWiRQ ZiWh DRU'V VWick aQalRg\.

 A SUemiVe Rf Whe VWick mRdel iV WhaW Whe SURbabiliW\ Rf a
 ViQgle VWUiQg Rf leQgWh 1, 2, 3, RU mRUe RccXUUiQg iV eTXal. IQ
 RWheU ZRUdV, WUaQVlaWiQg WhiV fUameZRUk back WR Whe RUigiQal
 SURblem, afWeU each VXcceVV iW iV eTXall\ likel\ WhaW a VXbVe-
 TXeQW VWUiQg (aWWemSWV XQWil VXcceVV) Zill UXQ 5 aWWemSWV XQWil
 a VXcceVV aV iW Zill UXQ 2 aWWemSWV XQWil a VXcceVV. HRZeYeU,

 FigXUe 5: A geRmeWUical SURgUeVViRQ emeUgeV WhURXgh cRQ-
 VideUiQg Whe chaQceV Rf achieYiQg a VXcceVV RYeU
 e[acWl\ 1, 2, 5, aQd mRUe aWWemSWV.

 aUmed ZiWh WheiU QeZ XQdeUVWaQdiQg Rf Whe RXWcRme diVWUibX-
 WiRQ, ZheUe 5 aWWemSWV XQWil VXcceVV haV a VmalleU chaQce Rf
 RccXUUiQg cRmSaUed WR 2 aWWemSWV-XQWil-VXcceVV, DRU'V VWickV
 did QRW make VeQVe WR MaWWheZ, BeQ, aQd JRVh. DRU WUaQVlaWed
 WhiV cUiWiTXe iQ WeUmV Rf Whe VWick mRdel aQd Ueali]ed WhaW he had
 cRQflaWed meWhRd aQd VXbVWaQce - WhRXgh he had emSlR\ed a
 SURbabiliVWic VRlXWiRQ SURcedXUe (MRQWe CaUlR bUXWe fRUce), Whe
 ViWXaWiRQal cRQWe[W Rf Whe VWickV SURblem iV eVVeQWiall\ QRW SURb-
 abiliVWic. AlVR, DRU had cRQfXVed Whe SheQRmeQRQ ZiWh
 VXSeUficial SURSeUWieV Rf iWV VWaWiVWical aQal\ViV: \RX caQQRW Wake
 aQ RXWcRme diVWUibXWiRQ aQd make iW iQWR iWV RZQ VamSle VSace.
 SRmeWimeV a VWick iV jXVW a VWick. [11]

 DiVcXVViRQ
 MaWhemaWicV caQ be a difficXlW dRmaiQ fRU leaUQeUV. MRUe VR,
 ZheQ Whe VXbjecW maWWeU dReV QRW fiW Zell ZiWh iQWXiWiYe
 kQRZledge, aV iV RfWeQ Whe caVe ZiWh SURbabiliW\ (KahQe-
 maQ aQd TYeUVk\, 1982; KRQRld, 1989; WileQVk\, 1993,
 1995, 1997). CRQYeUVel\, iQWXiWiYe kQRZledge ma\ affRUd a
 SRZeUfXl SeUVRQal UeVRXUce fRU cRQcUeWi]iQg abVWUacW ideaV
 (WileQVk\, 1991) aQd WhXV aVVimilaWiQg aQd aSSURSUiaWiQg
 WheVe ideaV (PaSeUW, 1980). ThiV WeQViRQ beWZeeQ, RQ Whe RQe
 haQd, Whe XQiQWXiWiYeQeVV Rf VRme maWhemaWical ideaV aQd,
 RQ Whe RWheU haQd, Whe YalXe Rf iQWXiWiQg maWhemaWicV iV a
 SRlemical, SedagRgical, aQd deVigQ challeQge WhaW iQYaUiabl\
 eQWailV WUadeRffV. We belieYe iQ a maWhemaWicV edXcaWiRQ WhaW

 gReV deeSeU WhaQ meUel\ bXildiQg iVRmRUShiVm beWZeeQ
 eTXaWiRQV aQd RWheU fRUmal UeSUeVeQWaWiRQV - Whe maSSiQg
 mXVW alVR be aQchRUed iQ iQWXiWiRQ, WhaW iV, aVVimilaWed WR
 each iQdiYidXal'V cRllecWiRQ Rf mRdelV. CRQQecWiQg WR ideaV
 WhaW aUe cRXQWeU-iQWXiWiYe iV challeQgiQg becaXVe \RX mXVW
 bXild meQWal mRdelV WhaW aUe lR\al WR bRWh Whe maWhemaWical
 cRQVWUXcWV aQd \RXU iQWXiWiRQ. ThaW iV, \RX mXVW fRUge a mid-
 dle gURXQd WhaW UecRQcileV immXWable eTXaWiRQV aQd \RXU
 fickle VeQVe Rf SURRf.

 AV iQdiYidXalV, Ze had each VXccXmbed WR RYeU-leQieQce
 iQ eYalXaWiQg Whe YalidiW\ Rf RXU RZQ SURRfV. We cRXld be
 VR iQdXlgeQW becaXVe, fRU each Rf XV, Whe "SURRf ZaV QRW Uig-
 RURXVl\ maWhemaWical, bXW la\ iQ RXU SeUVRQal VeQVe Rf
 cRQYicWiRQ iQ Whe YiabiliW\ Rf RXU RZQ mRdelV fRU e[SlaiQ-
 iQg hRZ Whe VlRSed gUaSh came WR be. UQWil Whe gURXS
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 cUiWiTXed RXU iQdiYidXal cRQYicWiRQV, Ze ZeUe cRmSlaceQWl\
 eQWeUWaiQiQg diffeUeQW mRdelV fRU Whe Vame gUaSh, becaXVe
 Whe fXQcWiRQ Rf WheVe mRdelV ZaV SeUVRQal aQd QRW e[WeUQal-
 i]ed. MRUeRYeU, RXU SeUVRQal cUiWeUia fRU acceSWiQg RU
 UejecWiQg Whe Vki-VlRSe gUaSh ZeUe aQ\ZheUe beWZeeQ YagXe
 aQd XQaUWicXlaWed.

 FiQall\, WR YaU\iQg degUeeV, Ze ZeUe VaWiVfied WR acceSW Whe
 UeVXlWV Rf a cRmSXWeU VimXlaWiRQ. SR, RQl\ WhURXgh e[SRViQg,
 VhaUiQg, aQd debaWiQg WheVe imSliciW mRdelV cRXld Ze begiQ
 - aV iQdiYidXalV aQd aV a gURXS - WR cUiWiTXe RXU XQdeUl\iQg
 aVVXmSWiRQV aQd mRdelV. IW iV SeUhaSV cRiQcideQWal WhaW aV a
 gURXS Ze emSlR\ a diYeUVe UaQge Rf e[SlaQaWRU\ mecha-
 QiVmV fRU gURXQdiQg RXU maWhemaWical XQdeUVWaQdiQg -
 Ueal-ZRUld SheQRmeQa, SURgUammiQg, aQd maWhemaWical
 mRdelV - \eW WhiV eSiVWemic ZealWh ZRXld haYe UemaiQed
 XQWaSSed aQd XQVhaUed if iW ZeUe QRW fRU RXU leaUQiQg eQYi-
 URQmeQW WhaW fRVWeUed aUgXmeQWaWiRQ.

 DRU'V mRdel ZaV eVVeQWiall\ maWhemaWicall\ cRUUecW, \eW
 SURYed QRQ-iVRmRUShic WR Whe SURblem aW haQd, becaXVe iW
 mRdeled a maWhemaWicall\ diffeUeQW SheQRmeQRQ. BeQ aQd
 MaWWheZ'V mRdelV ZeUe cRUUecW aQd SeUWiQeQW WR Whe SURblem
 bXW XQiQWXiWiYe WR DRU aQd JRVh. JRVh Qeeded maWhemaWical

 SURRf WR XQdeUVWaQd a maWhemaWical RbjecW. AQd \eW, fRU each
 Rf XV, Whe XVe Rf idiRV\QcUaWic mRdelV aV maWhemaWical RbjecWV
 VcaffRlded leaUQiQg b\ SURYidiQg aQ eSiVWemic fRUm (CRlliQV
 aQd FeUgXVRQ, 1993) WhaW VeUYed iQ a dialRgXe bRWh beWZeeQ
 hXmaQ aQd maWhemaWicV aQd beWZeeQ hXmaQ aQd hXmaQ.

 All Rf XV held Uadicall\ diffeUeQW cRQceSWiRQV Rf ZhaW VXf-
 ficieQW SURRf ZRXld cRQViVW Rf iQ WhiV ViWXaWiRQ (Vee FigXUe 6).
 DRU, cRmiQg fURm a cRgQiWiYe-SV\chRlRg\ backgURXQd aQd
 ZRUkiQg SUimaUil\ iQ maWhemaWicV-edXcaWiRQ deVigQ, ZaV
 lRRkiQg fRU iQWXiWiYe Za\V WR WUaQVfRUm Whe WemSRUal cRQ-
 VWiWXeQWV Rf Whe SURblem (VXcceVViYe VWRchaVWic RccXUUeQceV)
 iQWR VSaWial aQd WaQgible cRQVWiWXeQWV (Whe VWickV), WRZaUdV
 cUeaWiQg a WUacWable SURRf-e[SlaQaWiRQ cRXched iQ WeUmV Rf
 YiVible RbjecWV iQ Whe ZRUld. BeQ aQd MaWWheZ ZeUe lRRkiQg
 fRU aVVXUaQce WhaW Whe VimXlaWiRQ UeflecWed WheiU VeW Rf algR-
 UiWhmic VSecificaWiRQV. FRU BeQ aQd MaWWheZ, iW ZaV
 VXfficieQW fRU a mRdel SURdXced accRUdiQg WR WheiU RZQ VSec-
 ificaWiRQV WR behaYe ideQWicall\ WR a mRdel SURdXced WR RWheU
 VSecificaWiRQV WR belieYe WhaW Whe VemaQWicV Rf Whe mRdelV
 ZeUe ideQWical. JRVh, beiQg a maWhemaWiciaQ, ZaV lRRkiQg fRU
 a fRUmal maWhemaWical SURRf.

 If Ze ZeUe each liYiQg aQd ZRUkiQg ZiWhiQ a VRcial YRid,
 SeUhaSV RXU iQdiYidXal iQWeUSUeWiYe mRdelV ZRXld haYe VXf-
 ficed, aV iQaccXUaWe aQd/RU iQcRmSleWe aV Whe\ ZeUe. We aUe all

 FigXUe 6: TUadeRffV iQ Whe aXWhRUV maWhemaWical UeaVRQiQg.

 AXWhRU SWUaWeg\ BeQefiWV ChalleQgeV
 A�� FRUmal YiVXal ShaUed UeSUeVeQW- PURdXcW RYeU SURceVV:

 meWaShRUV aWiRQ Rf SURceVV VhaUed XQdeUVWaQdiQg Rf
 (e.g., hiVWRgUamV) SURdXcW SheQRmeQRQ ma\ maVk

 miVXQdeUVWaQdiQg Rf
 XQdeUl\iQg SURceVV

 DRU IQfRUmal YiVXal GURXQdV maWhe- NRW QeceVVaUil\
 meWaShRUV maWical RbjecW iVRmRUShic WR SURblem;

 SRWeQWiall\ imSUeciVe

 BeQ aQd CRmSXWeU mRdel PUeciViRQ; accªV- SRme SURgUammiQg
 MaWWheZ aXWhRUiQg Vible cRQVWUXcWiRQ VkillV QeceVVaU\
 JRVh MaWhemaWical PUeciViRQ E[SeUW cRQVWUXcWiRQ

 SURRf QeceVVaU\

 UelaWiYel\ Zell YeUVed iQ all Rf Whe SURRf WechQiTXeV XVed b\ RXU
 SeeUV, \eW Ze each chRVe WR iQWeUQali]e Whe SURblem diffeUeQWl\.
 IQWeUQali]ed SURRf, WhRXgh, RQce aUUaigQed aQd feUUeWed RXW WR
 Whe SXblic dRmaiQ, mXVW VWaQd Whe WeVW Rf SeeUV' UigRURXV cUi-
 WiTXe. ThXV, Whe SUagmaWic demaQd Rf cRllabRUaWiRQ iQ RXU
 UeVeaUch Weam WeaVed Whe WaciW mRdelV RXW Rf each Rf XV aQd

 SiWWed Whem agaiQVW each RWheU XQWil Ze had Ueached, aV a gURXS,
 a cRQflXeQce Rf RXU diffeUeQW aSSURacheV. ThiV cRQflXeQce,
 RQce iQWeUQali]ed, affRUded XV bRWh gUeaWeU cRQfideQce iQ Whe
 VSecific cRQWeQW Ze had diVcXVVed aQd cRQceSWXal WRRlV WhaW
 ma\ iQfRUm RXU fXWXUe mRdeliQg Rf VimXlaWed SheQRmeQa -
 each accRUdiQg WR hiV VWeadfaVW VW\le.

 ThiV QaUUaWiYe cRXld be YieZed aV a diVWUibXWed-cRgQiWiRQ
 SURjecW. NRQe Rf XV held a cRmSleWe XQdeUVWaQdiQg Rf Whe SURb-
 lem iQdeSeQdeQWl\ Rf each RWheU, RXU SURRfV, RXU mRdelV, aQd
 Whe WechQRlRg\ WhaW eQabled RXU diVcRXUVe. The cRmSXWeU-
 baVed mRdeliQg Sla\ed a ceQWUal URle iQ cUeaWiQg WhiV diVWUibXWed
 cRgQiWiRQ, aV iW made maQifeVW RXU UeVSecWiYe iQWXiWiRQV ZiWhRXW
 e[SliciWl\ makiQg Whe iQWeUSUeWaWiRQV WhemVelYeV maQifeVW. B\
 XViQg a cRQcUeWe, cRmSXWeU-cUeaWed maWhemaWical mRdel, Ze
 cRXld each lRRk aW a VWable RbjecW, iQWeUSUeW iW, aQd iQVSecW RXU
 iQWeUSUeWaWiRQ ZiWh Whe gURXS. IQ RWheU ZRUdV, Whe mRdelV
 VeUYed XV aV a SlaWfRUm WR WaS aQd VhaUe RXU SUeYiRXV e[SeUi-
 eQceV aQd ideaV. CXUiRXVl\, Whe SRViWiRQiQg Rf maWhemaWical
 kQRZledge aV a SeUceiYable WakeQ-aV-VhaUed RbjecW ZaV bRWh
 ZhaW VSaUked Whe iQiWial cRQflicW aQd Whe SlaWfRUm fRU baUWeUiQg
 aQd QegRWiaWiQg RYeU RXU SheQRmeQRlRg\.

 CRQclXViRQ

 SeeiQg iV belieYiQg, bXW belieYiQg iV aQ iQadeTXaWe eSiVWe-
 mRlRg\ Rf maWhemaWicV. TheUe lieV a cRQceSWXal ab\VV
 beWZeeQ beiQg able WR UXQ a cRmSXWeU VimXlaWiRQ aQd beiQg
 able WR cUiWiTXe iW. ThiV cRQceSWXal ab\VV UemaiQV cRYeUW
 ZheQ Ze Wake maWhemaWical cRQVWUXcWV fRU gUaQWed, VXch aV
 iQ bliQdl\ acceSWiQg a cRmSXWeU-geQeUaWed gUaSh aV WUXe. AW
 Whe Vame Wime, makiQg WhiV cRQceSWXal ab\VV e[SliciW, WR RQe-
 Velf aQd WR SeeUV affRUdV SRZeUfXl leaUQiQg e[SeUieQceV.

 We haYe diVcXVVed a caVe iQ Zhich VeYeUal VWXdeQWV ZeUe

 fRUWXQaWe WR diVcRYeU Whe RYeU-VimSlificaWiRQV Rf WheiU iQdi-
 YidXal XQdeUVWaQdiQgV Rf a VimXlaWed VWRchaVWicV e[SeUimeQW.
 IQiWiall\, each VWXdeQW haUbRUed a diffeUeQW cRQceSWiRQ Rf Whe
 mRdel. TheVe iQdiYidXal cRQceSWiRQV ZeUe XQaUWicXlaWed aQd
 each cRQVWiWXWed a limiWed aQd iQcRmSleWe VWRU\ Rf Whe cRm-
 SXWeU VimXlaWiRQ. A bUeakdRZQ RccXUUed WhURXgh dialRgXe
 WhaW challeQged Whe e[clXViYeQeVV Rf each cRQceSWiRQ aQd
 fRUced Whe iQdiYidXalV WR gURXQd WheiU imSliciW XQdeUVWaQdiQg
 iQ maWhemaWical-WechQRlRgical aUWifacWV Whe\ each aXWhRUed -
 aUWifacWV WhaW e[SRVed each SeUVRQal cRQVWUXcWiRQ WR iQWeUSeU-
 VRQal VcUXWiQ\, Zhich ZaV mRWiYaWed b\ cRQceUQ RYeU
 SeUVRQal VWakeV. The diYeUViW\ iQ e[SlaQaWRU\ mechaQiVmV
 aQd cRgQiWiYe VW\leV WhaW Whe gURXS eQliVWed iQ aQal\]iQg Whe
 YalidiW\ Rf a VhaUed image cUeaWed QRW a fUagmeQWed bXW a
 URbXVW cRllecWiYe XQdeUVWaQdiQg Rf Whe maWhemaWical She-
 QRmeQRQ XQdeUl\iQg Whe image.

 UlWimaWel\, each iQdiYidXal VXVWaiQed WheiU SeUVRQal iQWel-
 lecWXal VW\le, \eW Ze belieYe WhaW iW iV VXch QegRWiaWiRQ
 beWZeeQ cRmSeWiQg-cXm-cRmSlemeQWaU\ VW\leV, a QegRWia-
 WiRQ iQVWaQWiaWed iQ YiYid cRQVWUXcWiRQV, WhaW eQgeQdeUV
 iQdiYidXal cRQcUeWi]iQg Rf abVWUacW ideaV (NRVV, Heal\ aQd
 HR\leV, 1997; PaSeUW, 1980; WileQVk\, 1991). WheUeaV Ze
 eVSRXVe leaUQiQg eQYiURQmeQWV WhaW UeVSecW aQd fRVWeU eSiV-
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 WemRlRgical SlXUaliVm (TXUkle aQd PaSeUW, 1991), Ze cRQ-
 jecWXUe WhaW VXch SlXUaliVm WhaW lackV iQWeUSeUVRQal cUiWiTXiQg
 Rf iQdiYidXal 'makeV-VeQVe' feeliQgV ma\ miVV RQ a SRWeQ-
 Wiall\ SRZeUfXl leaUQiQg mechaQiVm aQd eYeQ hide SeUVRQal
 mRdeliQg SURceVVeV WhaW aUe maWhemaWicall\ iQcRUUecW. ThaW
 iV, Ze belieYe iQ Whe edXcaWiRQal SRZeU Rf diVWiQgXiVhiQg
 beWZeeQ Whe SV\chRlRg\ aQd eSiVWemRlRg\ Rf maWhemaWicV
 (PiageW, 1952; PaSeUW, 2000).

 We hRSe WR haYe demRQVWUaWed bRWh aff RUdaQceV aQd cRQ-
 VWUaiQWV Rf cRmSXWeU VimXlaWiRQ Rf maWhemaWical SheQRmeQa,
 aQd VSecificall\ Whe daQgeUV Rf leaUQiQg iQ a cRmSXWeU eQYi-
 URQmeQW iQ Zhich mRdelV UemaiQ aW a WakeQ-fRU-gUaQWed
 icRQic leYel. MRUeRYeU, Ze adYRcaWe leYeUagiQg cRQceSWXal
 diYeUViW\ WhURXgh cRmSXWeU-faciliWaWed aUgXmeQWaWiRQ WhaW:

 ᒹ mRWiYaWeV iQdiYidXalV WR effRUWfXl maWhemaWical

 iQTXiU\
 ᒹ SRRlV WRgeWheU maQ\ aQd YaUied iQWellecWXal

 UeVRXUceV

 ᒹ SURYideV RSSRUWXQiWieV fRU iQdiYidXalV WR bXild flX-
 eQc\ iQ Whe dRmaiQ WhURXgh aUgXmeQWaWiRQ, WR XVe
 e[SeUW YRcabXlaU\, aQd WR aWWemSW WR QegRWiaWe Whe
 diffeUeQW e[SlaQaWiRQV

 ᒹ fRVWeUV iQdiYidXal cRQVWUXcWiRQ Rf a maWXUe eSiVWe-
 mRlRg\ Rf VcieQce aQd maWhemaWicV WhaW diVWiQ-
 gXiVheV beWZeeQ SheQRmeQa, mRdelV, aQd fRUmV
 aQd cRQWeQW Rf UeSUeVeQWaWiRQ, aQd

 ᒹ eQgeQdeUV XVefXl aQd UeVSecWfXl gURXS diVcRXUVe
 beWZeeQ iQdiYidXalV ZhR aSSUeciaWe Whe SRWeQWial
 VWUeQgWh iQ diYeUViW\.

 We cRQclXde WhaW ZheUeaV cRmSXWeU VimXlaWiRQV caQ
 SRWeQWiall\ faciliWaWe iQVWUXcWiRQal aUgXmeQWaWiRQ, Whe maWhe-
 maWicV-edXcaWiRQ cRmmXQiW\ VhRXld be ZaU\ Rf falVe
 agUeemeQW beWZeeQ iQWeUlRcXWRUV WhaW ma\ aUiVe WhURXgh VXch
 RVWeQVible VhaUiQg Rf a UeSUeVeQWaWiRQ WhaW dReV QRW e[SRVe
 eSiVWemRlRgical-maWhemaWical diVagUeemeQW iQheUeQW iQ Whe
 iQWeUlRcXWRUV' XQdeUl\iQg aVVXmSWiRQV. A cRmSXWeU VimXla-
 WiRQ iV a SRZeUfXl SlaWfRUm faciliWaWiQg diVcRXUVe, bXW iW iV
 RQl\ WhURXgh e[SRViQg cRQflicWiQg aVVXmSWiRQV WhaW VWXdeQWV
 caQ fXll\ aYail WhemVelYeV Rf Whe RSSRUWXQiWieV aQd SURmiVeV
 Rf cRllabRUaWiYe cRmSXWeU-VXSSRUWed leaUQiQg eQYiURQmeQWV.
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 VcXlWXUall\. M\ hXQch iV WhaW ZheQ eWhQRmaWhemaWiciaQV aQd
 iQdigeQRXV kQRZledge aSRlRgiVWV VSeak Rf cXlWXUall\ VSe-
 cific kQRZledge RU Rf WUXWh beiQg UelaWiYe, Whe\ aUe acWXall\
 UefeUUiQg eiWheU WR SUacWiceV RU WR beliefV.

 AQ eYalXaWiRQ Rf Whe UeVeaUch aURXQd aQd aSSlicaWiRQ Rf
 VR-called 'alWeUQaWiYe' maWhemaWicV iV QeceVVaUil\ aQd cRU-
 UecWl\ cRQdXcWed agaiQVW Whe backgURXQd Rf 'fRUmal,
 academic' maWhemaWicV. HaYiQg Vaid WhiV, I dR QRW VhaUe
 RRZlaQdV aQd CaUVRQ'V YieZ WhaW

 [Whe] cRQYeUVaWiRQ [beWZeeQ cUiWicV aQd defeQdeUV Rf
 eWhQRmaWhemaWicV, [... i]Q addiWiRQ WR SXUel\ maWhe-
 maWical iVVXeV, [...] iQYRlYeV TXeVWiRQV Rf hiVWRUical
 iQjXU\ aQd cRQWemSRUaU\ UelaWiRQVhiSV beWZeeQ cXlWXUal
 gURXSV ZhRVe YalXeV aUe iQcRmmeQVXUable. (2004, S.
 329; emShaViV added)

 IQ facW, I ZRXld VXggeVW WhaW iW iV SUeciVel\ Whe SeUQiciRXV cXl-
 WXUal aQd eWhical UelaWiYiVm iQYRked heUe WhaW ZRXld make

 'cRQYeUVaWiRQ' imSRVVible. OQ Whe cRQWUaU\, I ZiVh WR aUgXe -
 aQd m\ UeceQW ICEm-3 e[SeUieQce VWURQgl\ beaUV WhiV RXW -
 WhaW Whe degUee Rf cRQYeUgeQce beWZeeQ YalXeV aQd SUiRUiWieV
 iV VWUikiQg aQd WhaW, deVSiWe VRme hiVWRUical aQd cXlWXUal
 diYeUgeQce iQ aSSURacheV, WheUe iV a cRmmRQ cRmmiWmeQW WR
 diVcXVViRQ aQd aUgXmeQW, aV Zell aV WR VWaQdaUdV Rf UeaVRQ-
 iQg abRXW maWWeUV WhaW cRQceUQ XV mRVW. [2]

 NRWeV

 [1] TakeQ fURm UbiUaWaQ D'AmbURViR'V (2006) SRZeUSRiQW SUeVeQWaWiRQ
 4 EWhQRmaWhemaWicV: Whe VceQaUiR 30 \eaUV afWeU', SleQaU\ SUeVeQWaWiRQ,
 ThiUd IQWeUQaWiRQal CRQfeUeQce RQ EWhQRmaWhemaWicV (ICEm-3): CXlWXUal
 CRQQecWiRQV aQd MaWhemaWical MaQiSXlaWiRQV, AXcklaQd, NeZ ZealaQd.
 [2] OQ WhiV QRWe, I ZiVh WR WhaQk Bill BaUWRQ aQd hiV Weam fRU makiQg ICEm-
 3 Whe iQWellecWXal aQd hXmaQ VXcceVV iW ZaV. M\ heaUWfelW WhaQkV gR WR all Whe

 delegaWeV ZiWh ZhRm I had SeUVRQal cRQYeUVaWiRQV, eVSeciall\ GelVa KQi-
 jQik, UbiUaWaQ d' AmbURViR, Will\ AlaQgXi, Bill BaUWRQ, IYaQ Reill\ aQd WR
 m\ deaU fUieQd aQd cRlleagXe MaUc SchafeU.
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 CRQWUeUaV. L., MRUaleV, J. aQd RamiUe], J. (edV) (1999) 'EWhQRmaWhemaWicV

 aQd maWhemaWicV edXcaWiRQ: bXildiQg aQ eTXiWable fXWXUe', PURceediQgV
 Rf Whe fiUVW IQWeUQaWiRQal CRQfeUeQce RQ EWhQRmaWhemaWicV (ICEm-1):
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 De MRQWeiUR, M. (ed.) (2002) PURceediQgV Rf Whe VecRQd IQWeUQaWiRQal CRQ-
 feUeQce RQ EWhQRmaWhemaWicV (ICEm-2): A meWhRdRlRg\ fRU eWhQR-
 maWhemaWicV, CD RRm, OXUR PUeWR, BUa]il, L\UiXm CRmmXQacac¤R
 LWda.

 HRUVWhemke, K. (2004a) "IQdigeQRXV kQRZledge' - cRQceSWiRQV aQd miV-
 cRQceSWiRQV', JRXUQal Rf EdXcaWiRQ 32, 31-48.

 HRUVWhemke, K. (2004b) 'KQRZledge, edXcaWiRQ aQd Whe limiWV Rf AfUicaQ-
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