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This article is motivated by a commitment to the ideas
underlying discovery learning, namely the epistemological
notion of grounded, meaningful, generative knowledge. It
is also motivated by concern that these ideas have been
implicitly misinterpreted in curriculum and instruction, ulti-
mately to the detriment of students. Accordingly, I discuss
an alternative, empirically based, theoretical articulation of
discovery pedagogy that addresses the criticisms it has
faced. The research question framing this alternative
approach is, “What exactly about a mathematical concept
should students discover via discovery learning?”

I will pursue this question by reflecting on two case stud-
ies of children who participated in activities of my own
design. Empirical data from these and other studies have
served me over the past decade as contexts for inquiry into
the cognition and instruction of mathematical concepts, an
inquiry that, in turn, keeps feeding back into further design
and articulation of design principles. In this essay, I will use
these data to offer an empirically grounded “centrist” answer
to the question of what students should discover, at least
with respect to a particular class of mathematical concepts
(intensive quantities) as embodied in a particular type of
design (perception-based learning). First, though, some fur-
ther clarification of terms is due.

The rationale of my proposal hinges on a common dis-
tinction between process and product in mathematical
learning activities. By process, I am referring to a general
problem-solving sequence: (a) construing, parsing, and
modeling a realistic situation along dimensions relevant to
goal information; (b) determining targeted values within
these dimensions (by enumeration and/or measurement);
(c) manipulating these extracted values algorithmically with
the aid of further mathematical instruments, tools, forms,
and media, such as inscribing and developing an algebraic
formula; and (d) reinterpreting obtained values or inferences
in light of the source situation (e.g., Verschaffel, Greer & De
Corte, 2000). By product, I refer primarily to any of the
milestone mathematical displays created through engaging
in the process, including inscriptions, such as diagrams, and
multimodal utterance, such as speech or gesture. An exam-
ple of a product would be the event space of a probability
experiment, which is created through combinatorial analysis
of a random generator—a novice can be guided to build this
product, yet only an expert can infer from it an anticipated
outcome distribution.

I do not cast my articulations of the terms “process” and
“product” as offering in-and-of-themselves any unique
insight into the nature of mathematical cognition. I am not
referring to epistemological debates about arithmetical oper-
ations as processes or objects (e.g., Confrey & Costa, 1996;
Sfard, 1991). Similarly, by process, I am not referring to
schematic mental activity with operational closure (Varela,
Thompson & Rosch, 1991, p. 139) but to the cultural rote
algorithmic practice that can be enacted piecemeal and imi-
tatively with little to no grounding or clear goal-based
orientation. By product, I am not referring to an interim state
of self-adapted schemes resulting from situated enactment,
but to external or externalized information, such as inscrip-
tional artifacts or vocalized or gestured expressions that
come to exist in the world, in forms that Norman (1991)
might call “cognitive artifacts” or what Hutchins (1995)
might view as means of instrumenting and distributing col-
lective cognitive activity.

Finally, my objective is not so much to survey or evaluate
the variety of pedagogical philosophies in dialogue with con-
structivism (see Cobb, 2005; Freudenthal, 1991; Norton,
2009; Radford, 2005). Nor will I comment on whether math-
ematical knowledge is formed as a cognitive schema, social
practice, semiotic system, etc. Rather, I am exploring whether
the exacting tenets of the more radical forms of constructivist
mathematical pedagogy may be upheld, yet adapted, so as to
include instructional situations in which the locus of reinven-
tion is the solution product rather than process.

From process to product: relocating the locus
of meaning making
What is common to the instructional designs discussed in
this paper is that all of them begin with some carefully engi-
neered situation—a collection of stimuli in the perceptual
field—that the instructor invites the learner to examine with
the objective of determining some quantitative or logical
property or anticipated outcome. What is further common
to these designs is that the learners are perfectly capable of
responding to the instructor’s prompt with an answer. They
do so without mathematical analysis, using only perceptual
judgment, heuristic inference, and common sense. They
might thus offer qualitative, rather than quantitative,
responses, and yet these responses are all interpretable by
experts as agreeing with a mathematical view on the same
situation. Once the learners have offered their inference,
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the instructor walks them through a formal analytic process
appropriate to the situated task objective. The compliant
learners do not yet take this new, secondary task to be vitally
pertinent to the initial, primary task, essentially because the
new process attends to and parses the situation in unfamil-
iar ways that do not appear to align with the child’s intuitive
inclination (see Bamberger & diSessa, 2003). Moreover,
the new process introduces structure and computation where
the child may not have used any, at least not explicitly. It is
only once the formal analysis process is complete and the
child has created a product that the instructor considers to be
a suitable model of the situation relative to the task objec-
tive, that the instructor can help the child to adopt a way of
seeing this product as aligned with their naked-eye inference
from the source situation.

This new seeing is a heuristic semiotic achievement by
which learners discover a means of perceiving the product as
signifying their own intuitive inference from the situation it
is said to model. Through the completion of this heuristic
semiotic coordination, the child retroactively comes to
accept the process (Abrahamson, 2009). In a sense, the child
has been guided to reinvent the mathematical concept. How-
ever, unlike cognitive-developmental perspectives by which
all conceptual learning is subjective invention or construc-
tion (Piaget, 1968) and unlike pedagogical philosophies by
which students are guided to reinvent solution processes
(Freudenthal, 1983), here, it is not the process that the child
reinvents, but a way of accepting its product as meaningful
and valid, even though the product may initially have made
no sense at all or even because it appeared to imply a con-
flicting inference.

Two vignettes 
In the remainder of this article, I will present a set of instruc-
tional materials and problem-solving activities that I have
used in my research on discovery-based mathematics instruc-
tion, as well as brief vignettes of children who engaged in
these activities guided by an experienced investigator–tutor.
This design involves intensive-quantity concepts, such as
geometrical similitude, density, chance, and slope. My focus
on proportionality appears not, in retrospect, to be coinci-
dental. Rather, it may point to an emerging conjecture that the
human mind is pre-equipped to perceive certain intensive
quantities as phenomenological gestalts (Gelman, 1998;
Suzuki & Cavanagh, 1998; Xu & Vashti, 2008). This con-
jecture may challenge conventional mathematics pedagogy
by suggesting we reverse the learning trajectory so as to
begin with gestalt embodiments of intensive quantities rather
than their elements. At the same time, Piaget and Inhelder
(1969, pp. 46-49) contend that early perceptual capacity does
not engender mathematical knowledge directly, but only
through action and reflection on this action. As such, the con-
structivist pedagogical task becomes to find ways of
supporting the learner in coordinating this naked-eye gestalt
seeing with its counterpart mathematical analytic seeing
(Abrahamson, 2007).

The following two vignettes present proof of concept for
the plausibility of a product-before-process approach to
guided reinvention. The particular designs presented in the
vignettes resulted from study cycles that began from close

listening to children’s reasoning (Confrey, 1991; Davis,
1994; Ginsburg, 1997). My approach is to nurture children’s
intuitive reasoning as their epistemic foundation of mathe-
matical knowledge. I do not wish children to capitulate their
intuitive reasoning in favor of mathematical analysis but to
sustain their reasoning and coordinate it with mathematical
analysis. 

The objective of the vignettes is not so much to sketch a
comprehensive view of instructional interaction. As such,
while I acknowledge the tutor’s vital, constitutive role in
the process of knowledge mediation, I have chosen strate-
gically to “dampen” this voice and focus on the child’s
perspective. 

Finally, I will not (and cannot) make any categorical
claims about these students’ ultimate learning. What I am
looking for in these data are fragile moments, in which stu-
dents abduct mathematical rules or notions that I view as
kernels of understanding.

Vignette 1: Seeing chance in a sample space

Li, 11 years old, was one of 28 Grade 4–6 students, who
each took part in a one-hour semi-structured one-to-one clin-
ical interview designed to accomplish two objectives. I
wished both to investigate young students’ cognitive
resources for making sense of compound random events and
to evaluate the prospects of a set of instructional materials to
support content learning in probability (Abrahamson, 2009).
The students had not studied probability formally.

Participants were presented with an urn-like random gen-
erator (see Figure 1a)—a box full of hundreds of marbles
of two colors, green and blue, with half of the marbles being
of each color. A “marbles scooper” was used to draw from
the box a random sample of exactly four marbles that each
fell into a concavity, so that samples appeared in fixed spa-
tial configurations. Participants were first asked to guess
the results of experimenting with the marbles and scooper. I
guided the study participants to perform only as many
scoops as were necessary to understand the nature of this
mechanism. By comparison, designs for probability usually
have students conduct extensive empirical experimentation
with random generators. I skipped this “empirical” phase

Figure 1a. A marbles scooper.
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entirely. Next, a stack of cards, each bearing a 2-by-2 matrix
(see Figure 1b), as well as a blue and a green crayon, were
provided for conducting a combinatorial analysis in accord
with the classicist procedure. Participants were guided to
create all sixteen (24) possible outcomes of the experiment
and then sort the sixteen events into five stacks by the num-
ber of green and blue cells in each card. I analyzed for any
connections participants discerned between their initial
guesses and features of the event space and how they rea-
soned about these connections. [1]

I elicited predictions from the study participants for the
experiment’s long-term outcome distribution. By and large,
they stated that a 2-green-and-2-blue event is the most likely
draw from the box, a 4-green scoop would be rare, etc.
These qualitative predictions agree with mathematical
analysis. They were not, however, based on empirical exper-
imentation but on perceptual analysis alone (see Xu &
Vashti, 2008, for babies’ analogous behavior on an age-
appropriate version of this task). It thus appears that the
participants parsed the situation as five aggregate events: 4-
blue, 1-green-and-3-blue, 2-green-and-2-blue, 3-green-and-
1-blue, and 4-green (hence, 4b, 1g3b, 2g2b, etc.). Indeed,
they tended to build sample spaces comprising only five
cards as the case of Li, below, illustrates.

The children did not initially consider this construction
activity as a means of modeling the likelihoods they had
just predicted. More specifically, they did not explore order-
based variation on the five combinations as potentially
signifying their stochastic properties. Rather, they insisted
that five cards exhaustively showed all possible outcomes.
Nevertheless, once the combinations tower was completed,
all but one of the children eventually realized that the tower
could be used to support their earlier anticipation of outcome
distribution. For example, they asserted that samples with
2g2b marbles would be drawn most often because there were
more elemental events in the 2g2b column than in any other

column. They therefore expanded their five-object parsing of
the experiment into a five-set parsing, so that all sixteen ele-
ments in the space—not only five of them—took on the
signification of their naïve sense of outcome distribution.

The Li data are particularly helpful in supporting the
notion of product-before-process guided reinvention,
because his trajectory through the design was by-and-large
typical of all participants, yet he was exceptionally articulate
in his deliberations around the product. [2]

Like all participants, Li initially parsed the experiment as
five possible events (with 2g2b being the most likely) and,
therefore, created a sample space of only five cards (one of
each of the five combinations or aggregate events). Gazing
at these five cards, however, Li changed his original predic-
tion, stating instead that these five events all have the same
chance (i.e., a uniform distribution, in which the five com-
binations or aggregate events are equally likely).
Consequently, Li engaged reluctantly in the process of com-
binatorial analysis—he certainly did not initiate this process
and he did not see how the new products it would generate
(the variations) could serve the task objective as he per-
ceived it. Once he had created the remaining eleven cards, Li
said emphatically that they were not relevant to modeling
the expected outcome distribution and were thus redundant
(see Figure 2a). But by now the entire event space had been
created, and so the ensuing conversation was not about the
process of combinatorial analysis but about its product.

In the course of the interview, Li was subsequently guided

Figure 1b. A card for constructing the sample space of the
marbles-scooping experiment (a stack of such
cards is provided, as well as crayons, and students
color in all possible events).

Figure 2a. Li’s mental construction of the sample space as a
model of the marbles-box experiment: five equally
likely events (bottom row) and eleven redundant
duplicates (above the bottom row).
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to revisit the marbles box, whereupon he re-affirmed his
initial prediction of five heteroprobable events. Li conse-
quently changed his view of the combinations tower: he now
looked anew at the sample space in its entirety with the
active objective of seeing it as signifying a heteroprobable,
rather than an equiprobable distribution. The 1-4-6-4-1
structure now appeared to Li as affording an expression of
his naïve sense of likelihoods. The eleven cards thus shifted
in their semiotic status from being irrelevant objects to bear-
ing information critical to the signification of the re-evoked
tacit inference (see Figure 2b). Specifically, the vertical pro-
jections of the five columns came to signify the events’
expected relative frequencies.

Li was thus guided to invent a way of seeing the product
as expressing his qualitative notion of chance. Li invented a
way of seeing chance in a sample space. Importantly for my
thesis, Li did not invent the process of combinatorial analy-
sis. Rather, only after engaging in this process and
generating its product in the form of new material elements
in the learning environment did Li experience a guided
opportunity to reinvent the sample space.

In Piagetian terms, one might say that Li accommodated
his naïve, “combinations only” schema so as to assimilate
the mathematical “variations also” analysis. Yet the catalyst
of this equilibration activity was not cognitive conflict in the
classical sense of experiencing evidence that challenges an
expectation. First, unlike in teaching situations that often
give rise to cognitive conflict, Li’s initial inference was eval-
uated by the researchers as mathematically correct rather
than incorrect. Second, Li never regarded those eleven sup-

plementary cards in the event space as evidence challeng-
ing his a priori holistic sense of the outcome distribution,
because their epistemic quality was not empirical but arbi-
trary. Third, Li ultimately did not forsake his naïve
view—his struggle was not to abandon it but rather to rec-
oncile it with mathematical analysis. As such, the empirical
data gathered in the context of implementing this particular
product-before-process design do not lend themselves too
well to modeling the situation as a simple case of cognitive
conflict. Rather, the Li vignette is a case of socially con-
structed, pedagogically oriented conflict, by which
asymmetrical interlocutors negotiate meanings for symbolic
artifacts in their shared discursive space (Sfard, 2007).

Vignette 2: Seeing object constancy in proportional
equivalence

Aliya, 8 years old, took part in a series of clinical interviews
conducted in the context of a design-based research study
that bore two objectives. I wished both to explore a particular
perceptual capacity that could potentially serve as the
grounding for proportional reasoning, and to evaluate the
utility of a set of instructional materials to support the math-
ematization of this tacit knowledge. In her schooling, Aliya
was just studying multiplication and could quickly recall
several simple multiplications.

Aliya was presented with a set of picture cards of graded
sizes that all featured two cartoon characters standing side
by side (e.g., Danny and Snowy, see Figure 3, overleaf). A
subset of these cartoons were geometrically similar—they
were in fact print-outs of the same image, so that their con-
tents were identical, but they were of different physical sizes
(see Figure 3). The other cards in the pool—the distracters
(not shown in Figure 3)—featured the same two characters,
but their heights were not related by the same ratio as in the
target subset. For example, Danny was only half the height
of Snowy. Aliya was asked to select from the pool of cards
a subset whose common property would be that they were
“the same only bigger/smaller”.

To assist in determining this “sameness,” Aliya was
guided to perform the “eye trick” (Abrahamson, 2002).
Shutting one eye so as to eliminate stereoscopic vision, you
hold up in front of your open eye two cards whose similar-
ity is in question, one card in each hand (see Figure 4). You
then move the larger card away from your open eye and the
smaller card nearer and adjust back and forth in an attempt
to calibrate the retinal images. For example, once the Dan-
nys in the smaller and larger cards appear to be of the same
height, then, keeping your hands at those fixed distances,
you check whether the Snowys, too, are of like height. If
so, then the two cards are deemed to be “the same.” During
the enactment of the eye-trick, at the moment when the two
objects project equally sized retinal images, the self-induced
optical illusion is so powerful that even a mathematically
informed person may momentarily construct the two objects
as identical, not only similar.

Using the eye trick, Aliya tried matching different pairs of
cards featuring Danny and Snowy, until she had selected
out of the pool of cards a set that she judged as being “the
same” as each other. Aliya was then asked to repeat the task

Figure 2b. Li’s mental construction of the sample space as a
model of the marbles-box experiment: sixteen
equally likely events sorted into five sets.



with a pool of cards that featured “photographs” of a pair of
“buildings” (see Figure 3, bottom row). Again, Aliya suc-
cessfully used the eye trick so as to identify within the pool
a subset of cards that were “the same.” The initial infer-
ences having been established, the interviewer then moved
on to the mathematical analysis process. [3]

The interviewer produced a ruler and guided Aliya in
measuring the physical sizes of the short and tall buildings in
the smaller card. Aliya determined their respective heights as
2 and 3 units, and the interviewer drew her attention to the
difference of 1 unit between these measurement values. The
interviewer then asked Aliya to compare the smaller card to
the middle-sized card, and Aliya said that they are of differ-
ent sizes but depict the same picture. She then spontaneously
measured the heights of the “buildings” in the middle-sized
card and was very surprised to find that these heights were

4 and 6 units, for a difference of 2 units. In response, she
stated that the pictures cannot be “the same.” 

Aliya had expected the difference between the measured
values in the middle-sized card to be the same as in the small
card. For Aliya, it appears, the experience of the cards’ over-
all “sameness” implied that all their corresponding internal
figural magnitudes, too, are necessarily “the same.” That is,
Aliya was not yet mathematically equipped to differentiate
actual and proportional equivalences. Next, Aliya completed
the process and reflected on the product, as follows.

The interviewer handed Aliya the next card in the series. Tak-
ing the card, Aliya said that if the corresponding difference in
this third card turned out to be of 3 units, then the two first cards
could still be “the same.” She measured the difference and
indeed found it to be of 3 units. Excited, Aliya proclaimed, “The
bigger the picture gets, the more units apart it is!”

12

Figure 3. Materials used in Vignette 2. Two sets of cards depict pictures that are geometrically similar, and each set shows a
pair of vertically oriented elements: Danny and Snowy (top), “buildings” (bottom). Within each pair, there is a 2:3 ratio
between the heights of the two elements. In both sets, the measured heights of the elements in the three cards are [2,
3], [4, 6], and [6, 9] units, respectively.
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Aliya did not initiate the measuring procedure. Rather, this
process was prompted by the interviewer’s questions and lit-
erally modeled by the interviewer, who provided the ruler,
demonstrated its function, and applied it specifically to deter-
mine the figures’ respective heights. Thus, it is not the case that
Aliya reinvented the process of investigating and representing
the proportional equivalence of geometrically similar images.
Nothing in the situation remotely suggested to Aliya a need to
measure, because the eye trick had been framed as an appro-
priate and sufficient criterion of “sameness.” Indeed, the
analysis products (the measured values “1” and “2”) surprised
Aliya, because she had expected them to be equivalent but they
were not. This perturbation drove Aliya to accommodate the
core schema for identity (sameness) so as to assimilate a vari-
ant case, by which larger-yet-identical images bear greater
dimensions. Namely, once she found a new numerical pattern
(the consecutive counting numbers 1, 2, 3, …) in lieu of her
anticipated constant (1, 1, 1, …), Aliya had a new grip on real-
ity. Once again, we see an intervention, in which the child was
steered by the instructor to appropriate a particular way of re-
seeing a situation through the lens of cultural forms that sustain
their initial informal inference.

Comparing the two vignettes
The cases of Li and Aliya have much in common. Both cases
depict pedagogical interaction centered on a design for an
intensive quantity. They are also alike in that each child’s
initial qualitative judgment as to quantitative, logical, or
relational properties of a situation was in agreement with
mathematical analysis. In both cases, the tutor guided the
child through the enactment of an analysis process that the
child had neither initiated nor appeared to view as relevant
to investigating the properties in question. In both cases,
the product of the analysis process initially caused the child
to re-evaluate their original inferences, which they then reaf-

firmed only by referring back to the source situation and re-
evoking their initial judgments and inferences. Finally, in
both cases the child invented a way of seeing the product,
which the tutor was offering as a model of the situation, as
supporting their own naïve inference from that situation. In
so doing, the children articulated conceptual notions that
were the pedagogical objectives of the designs. Table 1
(overleaf) summarizes this comparison. [4]

The children’s respective insights in the excerpts might
appear to the reader to be somewhat haphazard or too “con-
venient.” Namely, if the green and blue marbles in the box
were not equal in number, then the combinations tower
could not signify the naïve inference. Similarly in the case of
Aliya, if the third card did not indeed bear the appropriate
spatial interval between the two figures (i.e. 3 units), her
anticipation of that particular numerical value would have
been thwarted, and she may not have arrived at her insight.
I can only concur and submit that students’ perceptions,
inferential reasoning, and insights are didactically contrived,
in the sense that they are anticipated and designed for. 

Finally, a vital question arises as to what these children
have learned, in the sense of what they have developed as
some new applicable skill. Is it enough to have re-invented a
mathematical principle that reconciles a product as express-
ing one’s intuitive inference for a situation? I can only hope
that beyond the interactions I had with these children, I have
stimulated their appreciation for the new process.

Conclusion
Charged with the formidable task of creating learning envi-
ronments that optimize children’s conceptual development,
instructional designers informed by the learning sciences are
receiving ambiguous messages. On the one hand, staunch
radical constructivists warn of providing students with ready-
made forms as supports for problem-solving tasks, because to
do so, they believe, deprives learners of the most precious
cognitive rewards of inventing strategy bottom-up. On the
other hand, sociocultural theorists object that a blanket “don’t
show them” fiat is absurd, given that children are naturally
immersed in a top-down world of artifacts, procedures, val-
ues, and norms that are implicit in any social practice in
which they participate, first peripherally and then more cen-
trally. Given these apparently opposing bottom-up and
top-down views, what is a designer to do? Might best prac-
tice lie somewhere in between, or would a reconciliatory
compromise vitiate the functional integrity of both views? [5]

The vignettes presented in this paper demonstrate the
plausibility of synthesizing rather than compromising con-
structivist and sociocultural approaches. In the proposed
design framework, the instructor: (a) elicits and validates
students’ intuitive perceptual judgments for the properties of
a situation; (b) engages the students in analyzing the situa-
tion using a formal process that results in a product, whether
a display or a multimodal utterance; and (c) supports the stu-
dents in seeing the product as resonating with their own
common-sense judgment of the situation.

Designs based on this framework should structure with
care both the situation source and its modeling resources:
(1) a situation should be selected or constructed that affords
informal inference evaluated by mathematically knowledge-

Figure 4. The “eye trick”. This person’s right eye (not
shown) is shut. She will determine that the two
cards are “the same.” The small card is exactly
half the size of the larger card and is held half as
near to the eye as the larger card. Note the differ-
ence in hand sizes in the “see” bubble.



able persons as correct, even if naïve and/or qualitative; and
(2) the analysis process and product should catalyze and hone
juxtaposition and eventual alignment of naïve and scientific
views. This conceptual change requires a tutor—whether
actual, virtual, simulated, or embedded—a cultural voice that
frames, challenges, furnishes, and guides the novice’s heuris-
tic–semiotic leaps to new, more complex stability.

The framework has not been evaluated beyond its appli-
cation to intensive quantities, where it might be uniquely
suited. As such, evaluations and elaborations of guided-rein-
vention should both continue to mark their contexts of
research and keep exploring the expansion of these contexts.

Finally, the objective of this paper was not to suggest that
all mathematical learning emulates or should follow prod-
uct-before-process trajectories. I have drawn on a decade of
design, in which my rationale was to ground students’ math-
ematical meaning in perception-based tasks. Student
experiences in the activities discussed in this paper are
grounded in their intuitive perceptual judgments for proper-

ties of a situation under scrutiny; the students then re-artic-
ulate these judgments via mathematical tools (Abrahamson,
2007). More recently I have been exploring designs that
ground meaning in action-based tasks. These designs
engage students initially in non-mathematical problem-solv-
ing activities that involve remote-controlling virtual objects
on a computer screen. Once the students devise effective
interaction strategies, the tutor layers onto the screen sym-
bolic artifacts, which the students recognize as conferring
strategic and discursive advantages. By using these artifacts,
the students come to re-articulate their qualitative solutions
in mathematical form (Abrahamson, Trninic, Gutiérrez,
Huth & Lee, 2011). Thus, both perception-based and action-
based designs enable students to bootstrap mathematical
ways of seeing, thinking, and speaking.

Notes
[1] Strictly speaking, the marbles-scooping random generator is a hyper-
geometric approximation of the binomial, because the four singleton events
are not independent—each scoop is a without-replacement experiment,
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Dimensions
Case Studies

Li Aliya

Content Binomial distribution Proportional equivalence

Intensive Quantity Likelihood Geometric similitude 

Source Situation A box full of green and blue marbles of
equal number; device for scooping out four
marbles

A set of cards featuring the same image
printed at different sizes

Tacit Perceptual Construction Infers heteroprobable five-event distribution
in the marbles box

Eye-trick comparison of the two cards
instated them as “the same”

Process Combinatorial analysis: built and organized
sample-space display

Applied a measurement tool to determine
values for the cards’ respective internal
dimensions

Product A sample space consisting of 16 possible
outcomes organized in five adjacent
“stacks” (1-4-6-4-1)

A set of values of 1 and 2 units for the mea-
sured lengths of respective elements in the
cards

Naïve Framing of Product Saw only five objects in the sample space as
relevant

Anticipated that the respective values would
be equivalent

Conflict, Loss of Tacit
Perceptual Construction

Rejected the expanded sample space,
posited an equiprobable distribution instead

Suspected the different differences, wondered
if cards are indeed “the same”

Re-Evoking Tacit Perceptual
Construction

Re-attended to the marbles box, once again
saw distribution as heteroprobable

Re-handled the two cards, once again saw
them as “the same”

Reconciliation, Reinvention Articulated the rule of ratio (chance is
“favorable outcomes / possible outcomes”)

Articulated a qualitative rule of proportional
equivalence relating overall and internal
magnitudes

New Perceptual Construction Saw a single card as an elemental event, not
an aggregate event; expanded his attention
to additional objects—from five objects to
five object sets

Learned to orient toward internal physical
magnitudes of the cards; saw different differ-
ences as (proportionately) the same

Table 1. Comparison of Vignettes 1 and 2.
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because as a marble settles in place, there is one less of its color in the box.
However, the very small n-to-N ratio makes this point practically negligible,
so I shall henceforth treat the experiment as truly binomial.
[2] See Abrahamson (2009) for transcriptions. A 3.5 minutes video can be
viewed at http://tinyurl.com/DorLi-FLM.
[3] A brief video can be viewed at http://tinyurl.com/DorAliya-FLM.
[4] I have witnessed similar interaction sequences and insights in empiri-
cal data from the implementation of designs for other intensive quantities.
For example, Thacker (2010) investigated a design for fostering student
grounding of the mathematics of slope in perceptions of steepness. In Abra-
hamson and Wilensky (2007) we describe students reinventing sampling
as a means of reconciling a global estimate of color density with local enu-
merations of color elements (see Abrahamson, 2007, for further
cross-design comparison).
[5] I speak somewhat loosely here, because I wish to hone actual dilem-
mas confronted by educators, both designers and instructors. In fact,
pedagogical traditions emanating from the Piagetian and Vygotskian
schools are certainly not as disparate as they are sometimes caricatured
(Cole & Wertsch, 1996).

Acknowledgments
I wish to thank Jeanne Bamberger for her comments on an
earlier draft. I deeply appreciate the very thoughtful com-
ments offered by Anna Sfard and two anonymous reviewers.

References
Abrahamson, D. (2002) When “the same” is the same as different differ-

ences: Aliya reconciles her perceptual judgment of proportional
equivalence with her additive computation skills. In Mewborn, D.,
Sztajn, P., White, E., Wiegel, H., Bryant, R. & Nooney, K. (Eds.) Pro-
ceedings of the Twenty Fourth Annual Meeting of the North American
Chapter of the International Group for the Psychology of Mathematics
Education, vol. 4, pp. 1658-1661. Columbus, OH: Eric Clearinghouse
for Science, Mathematics, and Environmental Education.

Abrahamson, D. (2007) Both rhyme and reason: toward design that goes
beyond what meets the eye. In Lamberg, T. & Wiest, L. (Eds.) Proceed-
ings of the Twenty Ninth Annual Meeting of the North American Chapter
of the International Group for the Psychology of Mathematics Educa-
tion, pp. 287 – 295. Lake Tahoe, NV: University of Nevada, Reno.

Abrahamson, D. (2009) Orchestrating semiotic leaps from tacit to cultural
quantitative reasoning—the case of anticipating experimental outcomes
of a quasi-binomial random generator. Cognition and Instruction 27(3),
175-224.

Abrahamson, D., Trninic, D., Gutiérrez, J. F., Huth, J. & Lee, R. G. (2011)
Hooks and shifts: a dialectical study of mediated discovery. Technol-
ogy, Knowledge, and Learning 16(1), 55-85.

Abrahamson, D. & Wilensky, U. (2007) Learning axes and bridging tools in
a technology-based design for statistics. International Journal of Com-
puters for Mathematical Learning 12(1), 23-55.

Bamberger, J. & diSessa, A. (2003) Music as embodied mathematics: a
study of a mutually informing affinity. International Journal of Com-
puters for Mathematical Learning 8(2), 123-160.

Cobb, P. (2005) Where is the mind? A coordination of sociocultural and
cognitive constructivist perspectives. In Fosnot, C. T. (Ed.) Construc-
tivism: Theory, Perspectives, and Practice (2nd edition), pp. 34-52. New

York, NY: Columbia Teachers College Press.
Cole, M. & Wertsch, J. V. (1996) Beyond the individual-social antinomy in

discussions of Piaget and Vygotsky. Human Development 39(5), 250-256.
Confrey, J. (1991) Learning to listen: a student’s understanding of powers

of ten. In Glasersfeld, E. v. (Ed.) Radical Constructivism in Mathemat-
ics Education, pp. 111-138. Dordrecht, The Netherlands: Kluwer
Academic Publishers.

Confrey, J. & Costa, S. (1996) A critique of the selection of “mathematical
objects” as a central metaphor for advanced mathematical thinking. Inter-
national Journal of Computers for Mathematical Learning 1(2), 139-168.

Davis, B. A. (1994) Mathematics teaching: moving from telling to listening.
Journal of Curriculum and Supervision 9(3), 267-283.

Freudenthal, H. (1983) Didactical Phenomenology of Mathematical Struc-
tures. Dordrecht, The Netherlands: Kluwer Academic Publishers.

Freudenthal, H. (1991) Revisiting Mathematics Education: China Lectures.
Dordrecht, The Netherlands: Kluwer Academic Publishers.

Gelman, R. (1998) Domain specificity in cognitive development: universals
and nonuniversals. In Sabourin, M., Craik, F. & Robert, M. (Eds.)
Advances in Psychological Science, Vol. 2: Biological and Cognitive
Aspects, pp. 50-63. Hove, UK: Psychology Press.

Ginsburg, H. P. (1997) Entering the Child’s Mind: The Clinical Interview in
Psychological Research and Practice. New York, NY: Cambridge Uni-
versity Press.

Hutchins, E. (1995) Cognition in the Wild. Cambridge, MA: M.I.T. Press.
Norman, D. A. (1991) Cognitive artifacts. In Carroll, J. M. (Ed.) Design-

ing Interaction: Psychology at the Human-Computer Interface, pp.
17-38. New York, NY: Cambridge University Press.

Norton, A. (2009) Re-solving the learning paradox: epistemological and
ontological questions for radical constructivism. For the Learning of
Mathematics 29(2), 2-7.

Piaget, J. (1968) Genetic Epistemology. New York, NY: Columbia Univer-
sity Press.

Piaget, J. & Inhelder, B. (1969) The Psychology of the Child. New York,
NY: Basic Books.

Radford, L. (2005) The semiotics of the schema: Kant, Piaget, and the cal-
culator. In Hoffmann, M. H. G., Lenhard, J. & Seeger, F. (Eds.) Activity
and Sign: Grounding Mathematics Education, pp. 137-152. New York,
NY: Springer.

Sfard, A. (1991) On the dual nature of mathematical conceptions: reflec-
tions on processes and objects as different sides of the same coin.
Educational Studies in Mathematics 22(1), 1-36.

Sfard, A. (2007) When the rules of discourse change, but nobody tells you:
making sense of mathematics learning from a commognitive standpoint.
Journal of the Learning Sciences 16(4), 565–613.

Suzuki, S. & Cavanagh, P. (1998) A shape-contrast effect for briefly pre-
sented stimuli. Journal of Experimental Psychology: Human Perception
and Performance 24(5), 1315-1341.

Thacker, I. E. (2010) Not too slippery a slope: fostering student grounding
of the mathematics of slope in perceptions of steepness. Unpublished
Masters thesis. Berkeley, CA: University of California, Berkeley.

Varela, F. J., Thompson, E. & Rosch, E. (1991) The Embodied Mind: Cog-
nitive Science and Human Experience. Cambridge, MA: M.I.T. Press.

Verschaffel, L., Greer, B. & De Corte, E. (2000) Making Sense of Word
Problems. Lisse, The Netherlands: Swets & Zeitlinger.

Xu, F. & Vashti, G. (2008) Intuitive statistics by 8-month-old infants. Pro-
ceedings of the National Academy of Sciences 105(13), 5012-5015.




