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1. Introduction

The field of Bayesian networks, and graphical models in general, has grown
enormously over the last few years, with theoretical and computational
developments in many areas. As a consequence there is now a fairly large set
of theoretical concepts and results for newcomers to the field to learn. This
tutorial aims to give an overview of some of these topics, which hopefully
will provide such newcomers a conceptual framework for following the more
detailed and advanced work. It begins with revision of some of the basic
axioms of probability theory.

2. Basic axioms of probability

Probability theory, also known as inductive logic, is a system of reason-
ing under uncertainty, that is under the absence of certainty. Within the
Bayesian framework, probability is interpreted as a numerical measure of
the degree of consistent belief in a proposition, consistency being with the
data at hand.

Early expert systems used deductive, or Boolean, logic, encapsulated
by sets of production rules. Attempts were made to cope with uncertainty
using probability theory, but the calculations became prohibitive, and the
use of probability theory for inference in expert systems was abandoned. It
is with the recent development of efficient computational algorithms that
probability theory has had a revival within the AI community.

Let us begin with some basic axioms of probability theory. The prob-
ability of an event A, denoted by P(A), is a number in the interval [0,1],
which obeys the following axioms:

1 P(A) =1 if and only if A is certain.
9



10 ROBERT COWELL

2 If A and B are mutually exclusive, then P(A or B) = P(A) + P(B).

We will be dealing exclusively with discrete random variables and their
probability distributions. Capital letters will denote a variable, or perhaps
a set of variables, lower case letter will denote values of variables. Thus
suppose A is a random variable having a finite number of mutually ezclusive
states (ai,...,an). Then P(A) will be represented by a vector of non-
negative real numbers P(A) = (z},... ,z,) where P(A = a;) = z; is a
scalar, and ), z; = 1.

A basic concept is that of conditional probability, a statement of which
takes the form: Given the event B = b the probability of the event A = a is
z, written P(A = a| B = b) = z. It is important to understand that this is
not saying: “If B = b is true then the probability of A = a is z”. Instead it
says: “If B = b is true, and any other information to hand is irrelevant to
A, then P(A = a) = z”. (To see this, consider what the probabilities would
be if the state of A was part of the extra information).

Conditional probabilities are important for building Bayesian networks,
as we shall see. But Bayesian networks are also built to facilitate the calcu-
lation of conditional probabilities, namely the conditional probabilities for
variables of interest given the data (also called evidence) at hand.

The fundamental rule for probability calculus is the product rule!

P(A and B) = P(A|B)P(B). (1)
This equation tells us how to combine conditional probabilities for individ-
ual variables to define joint probabilities for sets of variables.
3. Bayes’ theorem

The simplest form of Bayes’ theorem relates the joint probability P(A and B)
— written as P(A, B) — of two events or hypotheses A and B in terms of
marginal and conditional probabilities:

P(A,B) = P(A|B)P(B) = P(B| A)P(A). (2)
By rearrangement we easily obtain

P(B|A)P(A)

P(A|B) = B(B)

(3)

which is Bayes’ theorem.
This can be interpreted as follows. We are interested in A, and we begin
with a prior probability P(A) for our belief about A, and then we observe

1Or more generally P(4 and B|C) = P(A|B,C)P(B|C).
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B. Then Bayes’ theorem, (3), tells us that our revised belief for A, the
posterior probability P(A|B) is obtained by multiplying the prior P(A)
by the ratio P(B | A)/P(B). The quantity P(B | A), as a function of varying
A for fixed B, is called the likelihood of A. We can express this relationship
in the form:

posterior « prior X likelihood
P(A|B) « P(A)P(B|A).

Figure 1 illustrates this prior-to-posterior inference process. Each diagram

Figure 1. Bayesian inference as reversing the arrows

represents in different ways the joint distribution P(A, B), the first repre-
sents the prior beliefs while the third represents the posterior beliefs. Often,
we will think of A as a possible “cause” of the “effect” B, the downward
arrow represents such a causal interpretation. The “inferential” upwards
arrow then represents an “argument against the causal flow”, from the
observed effect to the inferred cause. (We will not go into a definition of
“causality” here.)

Bayesian networks are generally more complicated than the ones in
Figure 1, but the general principles are the same in the following sense.
A Bayesian network provides a model representation for the joint distri-
bution of a set of variables in terms of conditional and prior probabilities,
in which the orientations of the arrows represent influence, usually though
not always of a causal nature, such that these conditional probabilities for
these particular orientations are relatively straightforward to specify (from
data or eliciting from an expert). When data are observed, then typically
an inference procedure is required. This involves calculating marginal prob-
abilities conditional on the observed data using Bayes’ theorem, which is
diagrammatically equivalent to reversing one or more of the Bayesian net-
work arrows. The algorithms which have been developed in recent years
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allows these calculations to be performed in an efficient and straightfor-
ward manner.

4. Simple inference problems

Let us now consider some simple examples of inference. The first is simply
Bayes’ theorem with evidence included on a simple two node network; the
remaining examples treat a simple three node problem.

4.1. PROBLEMI

Suppose we have the simple model X — Y, and are given: P(X), P(Y | X)
and Y = y. The problem is to calculate P(X |Y =y).

Now from P(X), P(Y | X) we can calculate the marginal distribution
P(Y) and hence P(Y = y). Applying Bayes’ theorem we obtain

P(Y =y| X)P(X)

P(X|Y =y) = == 52, @

4.2. PROBLEM II

Suppose now we have a more complicated model in which X is a par-
ent of both Y and Z: Z + X — Y with specified probabilities P(X),
P(Y| X) and P(Z | X), and we observe Y = y. The problem is to calculate
P(Z|Y = y). Note that the joint distribution is given by P(X,Y,Z) =
P(Y | X)P(Z|X)P(X). A ‘brute force’ method is to calculate:

1. The joint distribution P(X,Y, Z).

2. The marginal distribution P(Y’) and thence P(Y = y).

3. The marginal distribution P(Z,Y) and thence P(Z,Y = y).
4. P(Z|Y =y) = P(Z,Y = y)/P(Y =y).

An alternative method is to exploit the given factorization:

1. Calculate P(X |Y =y) = P(Y =y | X)P(X)/P(Y = y) using Bayes’
theorem, where P(Y =y) = > x P(Y = y| X)P(X).
2. Find P(Z|Y =y) =) x P(Z|X)P(X |Y =y).

Note that the first step essentially reverses the arrow between X and Y.
Although the two methods give the same answer, the second is generally
more efficient. For example, suppose that all three variables have 10 states.
Then the first method in explicitly calculating P(X,Y, Z) requires a table
of 1000 states. In contrast the largest table required for the second method
has size 100. This gain in computational efficiency by exploiting the given
factorizations is the basis of the arc-reversal method for solving influence
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diagrams, and of the junction-tree propagation algorithms. The following
example shows the same calculation using propagation on a junction tree.

4.3. PROBLEM III

Suppose now that we are given the undirected structure ZX — X — XY,
and probabilities P(Z,X), P(X) and P(Y,X). Again the problem is to
calculate P(Z|Y = y). Note that:

P(Z,X) = P(Z|X)P(X)
P(Y,X) = P(Y|X)P(X)
P(X,Y,Z) = P(2Z,X)P(Y,X)/P(X).

The calculational steps now proceeds using a ‘message’ in step 1 which is
‘sent’ in step 2:

1. Calculate P(X) =3y P(X,Y =y).

2. Find P(Z,X) = P(Z,X)P(X)/P(X).

3. Find P(Z,Y =y) = ZX}_’(Z X)

4. Find P(Z|Y =y) = P(Z,Y =y)/ 3., P(Z,Y =y)

5. Conditional independence

In the last example we had that
P(X,Y,Z) = P(Y | X)P(Z| X)P(X),
from which we get
P(X,Y,2)
P(Z,X)
P(Y|X)P(Z|X)P(X)

P(Z,X)
P(Y|X)

P(Y|Z,X)

and likewise for P(Z |Y,X) = P(Z| X). Hence given X = z say, we obtain
PY|Z,X=z)=P(Y|X =z)and P(Z|Y,X =z) = P(Z| X = z). This
is an example of conditional independence (Dawid(1979)). We associated
the graph Z +— X — Y with this distribution, though this is not unique.
In fact the joint probability can be factorized according to three distinct
directed graphs:

Z+« XY :P(XY 2Z)=PX)PY|X)P(Z|X).

Z—+X-Y :PX)Y,2Z)y=PY|X)P(X|2)P(2).

Z+«X+Y:PXY,2)=PX|Y)P(Z|X)P(Y).
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