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Chapter 1
Dynamic Pattern Formation: A Primer
J. A. Scott Kelso, Mingzhou Ding, and Gregor Schoner

Morphology, embryology, evolution, developmental biology, neurobiology, physiol-
ogy. and behavior are separate fields that now function largely in isolation of one
another. Yet all deal, in one form or another, with structure or pattern formation
processes. And all deal, in one form or another, with the fundamental issues of stability
and change. Thus, separation of the disciplines does not necessarily negate the possi-
bility that common principles may exist that underlie pattern formation and change.
Although the details may differ, events on any chosen scale of description rely only
upon interactions among components: words like coordination or cooperation express
this fact. One may argue that rather than “things” (material ingredients) the coordina-
tive relations or dynamical actions among things should be the primary focus of
science.! If the universe were composed of noninteracting units that did not speak to
one another, then there would be no need to understand pattern formation in physical,
chemical, or biological systems. We would not be seeking principles of biological
organization because, without interaction, chemistry and biology would simply not
exist.

Given, then, the presence of interactions, what form do they take, i.e., what are the
laws of coordination in complex biological systems? How do we find these laws, i.e.,
which, if any, strategies are useful? And what language is appropriate to express these
laws? If structures or patterns represent coordinated states of affairs, how do we
identify and define these collective states and specify the conditions guaranteeing their
persistence and change? Unlike many physical and chemical systems where the impor-
tant variables and equations are well-known, in living systems we have to find key
observables and their dynamics (equations of motion).

In this primer we provide a language and a strategy for attacking the above ques-
tions. Our approach relies upon, and is inspired by, theories of spontaneous (self-
organized) formation of patterns in nonequilibrium systems, especially Haken's (1977/
1983) synergetics, the qualitative theory of dynamical systems (e.g., Guckenheimer
and Holmes, 1983), and the theory of stochastic dynamics (e.g., Gardiner, 1983). For a
long time, biologists have looked to concepts like self-organization and cooperative
phenomena for insights into complexity, but it is only recently that the necessary
theoretical tools have become available to place these concepts on a firm foundation.
Intuitions like “the whole is greater than, or different from the sum of its parts” may
thus be seen in a new light when the “whole” is characterized as a self-organized
structure whose dynamics are capable of generating enormous behavioral complexity.

Before proceeding, we should mention that the application of dynamic concepts did
not occur in a vacuum or because of James Gleick’s bestseller Chaos, but rather was
motivated in the context of specific experimental studies of biological coordination.
We view this theoretical cum experimental analysis of coordination as a necessary
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window, even an essential step, into uncovering general principles. In this we comple-
ment other approaches to coordinative complexity? (see, e.g., contributions in Baskin
and Mittenthal, 1992).

Where appropriate, we mention experimental examples as a means of illustrating
the concepts with the aim of establishing a linkage between analytic tools and experi-
mental data. But our main goal is to review some elementary concepts and techniques
pertinent to the nonlinear dynamics of pattern formation. By and large, the primer is
conceptual rather than mathematical, and is aimed at communicating with a biological
audience. Before beginning we wish to stress that in the present approach, “under-
standing” is sought, not through some privileged scale of analysis but within the more
abstract level of essential, biologically relevant variables and their dynamics regardless
of scale or material substrate. There is no ontological priority of one observational scale
over another. What is “macro” at one level can be “micro” at another. Molecules, for
example, are macroscopic structures for the particle physicist and microscopic struc-
tures for the typical cell biologist. Here, it is the methodologic strategy and the reduc-
tion to (dynamically expressed) principles across levels of investigation that is the
focus of our attention. Insight, within the present approach, is not necessarily gained
by increasingly precise quantitative analysis (important though that may be) or by
using increasingly complicated equations. Rather the aim is to account for a larger
number of empirically observable features with a smaller number of theoretical
concepts.

Dynamic Pattern Formation: General Remarks

Why should an understanding of structurally complex biological systems and their
corresponding pattern complexity be sought in terms of organizational principles? One
reason is that the same, reproducible patterns can be produced by many different
material substrates and mechanisms. Even in physical systems a given pattern (e.g.,
Bénard convection cells) need not relate to a unique mechanism: examples in biology
are nearly too numerous to mention (cf. Kelso and Schéner, 1987). To cite one in-
stance, an extensive review in the well-developed field of invertebrate pattern genera-
tion reveals that there is a uniform lack of common neuronal mechanisms, despite
similarities between the patterns generated (Selverston, 1988; p. 377). This fact, that
many physical mechanisms may instantiate the same pattern, hints strongly of univer-
sality, that some underlying law(s) or rule(s) governs pattern formation. At the same
time, biological structures are clearly multifunctional: the same set of anatomic compo-
nents may support a variety of functions. Again, recent evidence from invertebrate
central pattern generators shows that the same neural circuit can switch flexibly among
different “functional states,” and can reconfigure itself according to current conditions
(e.g., Marder, 1989). Minimally, then, any principle(s) of pattern formation should
handle compositional complexity on the one hand (e.g., how a given pattern is con-
structed from the interactions among a very large number of heterogeneous compo-
nents) and pattern complexity on the other (e.g., multiple dynamical behaviors). Words
familiar to biologists, such as (multi)stability (ability to persist under various environ-
mental conditions) and flexibility (ability to adjust to changing internal or external
conditions) should be fundamental features of any organizational principles. The
“forces,” or generic processes (e.g., competition), that lead to pattern selection should

also be clear.
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In the last decade or so, tremendous progress in understanding pattern formation
in open, nonequilibrium physical, chemical, and biochemical systems has been made
(see, e.g., Collet and Eckmann, 1990; Kuramoto, 1984; Nicolis and Prigogine, 1977;
Babloyantz, 1986). In particular, synergetic construction principles (Haken, 1975;
1977/1983) have established the concepts of instability, fluctuations, and slaving as
crucial to understanding and predicting the spontaneous (self-organized) occurrence of
order in complex systems. Synergetics deals typically with equations of the following
form:

(1) q = N(q, parameters, noise)

where the dot denotes the derivative with respect to time, q is a potentially high
dimensional state vector specifying the state of system Eq. (1), and N is a nonlinear
function of the state vector and may depend on a number of parameters (including
time) as well as random forces acting on the system.

In general, when parameters in Eq. (1) change continuously, the corresponding
solutions of Eq. (1) also change continuously. However, when a continuous change in
the control parameter crosses a critical value (or critical point) the system may change
qualitatively, or discontinuously. These qualitative changes are frequently associated with
the spontaneous formation of ordered spatial or temporal patterns. This process of self-
organization always arises via an instability. The emergence of pattern and pattern
switching or change arise solely as a result of the cooperative dynamics of the system
(the function N in Eq. [1]) with no specific ordering influence from the outside and no
homunculus-like pattern generator (note the noun form) inside. Examples include the
formation of convection rolls or hexagons in the Bénard system, vortex formation
in the Taylor system, the onset of lasing in the laser, the formation of concentra-
tion patterns in certain chemical systems such as the Belousev-Zhabotinski reaction,
reaction-diffusion systems, and the well-studied Turing instability, which has served as
a model of morphogenesis. In all these cases, near the vicinity of critical regions (i.e.,
near an instability) the system’s macroscopic behavior is dominated by just a few
collective modes, the so-called order parameters. The latter are the only variables needed
to describe the evolving self-organized state exhaustively. This compression of de-
grees of freedom (df) referred to as the slaving principle has been given an exact
mathematical form by Haken for a large class of systems (for a discussion of these and
many additional examples, see, e.g., Haken, 1977/1983; 1983, and references therein.
A related approach is developed in a recent book by Nicolis and Prigogine [1989). The
mathematically oriented text by Murray (1989) contains a number of worked-out
examples. A good review of the slaving principle is provided by Wunderlin [1987)).

The spontaneous formation of patterns in nonequilibrium systems may be under-
stood as special solutions of the system’s dynamics (Eq. [1]) that allow for a much
lower dimensional description. Patterns emerging at nonequilibrium phase transitions (the
term preferred by physicists) or bifurcations (the mathematical term) are defined in
terms of attractors of the collective variable dynamics. We define and discuss these
terms more fully below. It suffices to note at this point that attractors of the collective
variable dynamics exist because nonequilibrium systems are dissipative: many indepen-
dent trajectories with different initial conditions converge in time to a certain limit set
or attractor solution. Stable fixed point, periodic limit cycle, and chaotic solutions are
thus all possible in the same system (e.g., Eq. [1]), depending on parameter values. We
have a glimpse, then, of one of nature’s themes for handling different kinds of complex-
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ity. Vast compositional complexity is compressed at critical points (as demonstrated by
the slaving principle of nonequilibrium phase transition theory). The resulting low-
dimensional pattern dynamics are nonlinear, thus giving rise to enormous behavioral
complexity. This theme (cf. Kelso, 1988) thus embraces both the disorder-order and
order-order principles advocated by Schrédinger (1945) in What Is Life? and adds the
evolutionary order-disorder principle.

Of course, from a scientific point of view, life (and its understanding!) is not so easy.
The reason is that in most biological systems the state vector q, its dynamics, the
nature of the parameters, and the noise sources are largely unknown. The path from
the microscopic dynamics of Eq. (1) to the understanding of macroscopic pattern
formation in terms of collective order parameters is therefore not accessible to theoreti-
cal analysis. Moreover, it is not clear that biological systems possess the hierarchy of
time scales necessary for the slaving mechanism of order formation. Consider, for
instance, the typical time for synaptic integration (~ 10 ms) and compare it to typical
reaction times (~ 100 ms) that may involve macroscopic movement of the entire
organism. These times are not clearly separated although they refer to processes on
very different spatial scales. Biological order formation poses challenges to theory also
with respect to flexibility, in that biological systems are able to synthesize a tremen-
dous number of different patterns, often continuously (consider, e.g., visual percep-
tion). As different such patterns are formed, the components of the biological system
may stabilize qualitatively different relationships, e.g., the same neurons in a central
pattern generator may stabilize synchronous activity in one pattern and alternating
activity in another (e.g., Mpitsos and Cohan, 1986).

On the other hand, it has proven possible to learn from, and build upon the founda-
tion provided by theories of nonequilibrium pattern formation by using an alternative
approach to biological order, namely one in which the nature and dynamics of the low
dimensional order parameters are first empirically determined. Phase transitions (or
bifurcations) are a key part of this strategy, constituting a special entry point for
developing theoretical understanding. The reason is that qualitative change allows a
clear distinction of one pattern from another, thereby allowing the identification of
collective variables for different patterns and the pattern dynamics (stability, loss of
stability, etc.). Near critical points the essential processes governing a pattern's stability,
flexibility, and even its selection, can be uncovered. Theoretically motivated measures
(Auctuations, relaxation times, dwell times near the critical point, etc.; see below) are
available to elucidate these processes and allow tests of theoretical predictions. In
addition, the control parameters that promote instabilities can be discovered. Different
levels of description can be related through a study of component dynamics and their
coupling. In a companion paper, we apply this strategy to our chief experimental
model system which involves the study of coordination in humans as a way to dis-
cover laws and principles of biological self-organization. In what follows, we provide
a more detailed explication of the approach, particularly its reliance on concepts of low
dimensional systems.?

General Definitions

Let x,, x,, ..., x, be the collective*variables characterizing a complex biological system.
Then the phase space is a n-dimensional Euclidean space spanned by the vector x =
(xy,%3,...,%,) with x; (i =1, 2, ..., n) assuming all permissible values. A dynamical
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system is a system of equations stipulating the temporal evolution of x. If x is a
continuous function of time, then the dynamics of x is typically defined by a set of
first-order ordinary differential equations (ODEs)

(2) x=F(x)

where & denotes the derivative with respect to time and F(x) gives the vector field.
ODE:s are frequently encountered in biology, especially when F specifies a nonlinear
oscillator. There is another important class of dynamical systems which appear as
difference equations or maps:

3 x4 =G)

Here “time” ¢ is discrete and assumes integer values. A trajectory (orbit) of the map is
Xo, Xy, X5, .... That is, given x,, the map gives x,; given x,, Eq. (3) gives x,; and so on.
This type of system has found applications in ecology, most notably in insect popula-
tion problems. Later we argue that certain forms of Eq. (3) also provide a natural
framework for understanding multifrequency processes in biology and behavior
(DeGuzman and Kelso, 1991; Kelso and DeGuzman, 1988).

Maps and ODEs are intrinsically related to each other. In particular, maps can arise
in ODEs in the form of a Poincaré surface of section as illustrated in figure 1.1. The
plane S is the designated surface of section, and A denotes a trajectory of the ODE.
Every time A pierces S going downward (points P,, P,, and P, in the figure), the
corresponding coordinates in the plane are recorded. Clearly the coordinates of P,
uniquely determine those of P,, and the coordinates of P, uniquely determine those of
P,, and so on. Thus there exists a map G such that P,,;, = G(B,). In the special case of

Figure 1.1
Poincaré surface section for an ordinary differential equation (ODE). See text.
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Figure 1.2
The origin is the fixed point attractor for a damped pendulum.

periodically forced ODEs the Poincaré map can be interpreted as resulting from strob-
ing the system at times ¢, = nT where T is the forcing period. Note that although
maps and ODEs differ in respective analysis techniques, together they provide comple-
mentary means for studying nonlinear dynamic systems.

A dissipative system is one whose phase space volume decreases (dissipates) in time.
As a consequence of this, dissipative systems are usually characterized by the presence
of attractors. An attractor is a subset of the phase space to which initial conditions
converge asymptotically as time ¢ — co. For example, for a damped pendulum, oscilla-
tions induced by an initial displacement from equilibrium will wind down and eventu-
ally come to a halt. The attractor in this case is a fixed point at rest (figure 1.2). (Pictures
like the one shown in figure 1.2 are often referred to as phase portraits.)

A self-excitatory system usually exhibits a limit cycle as its attractor. Figure 1.3
shows one such attractor on which the dynamics are periodic. When a system is on a
limit cycle, it oscillates with a certain frequency and amplitude that are a function of
system parameters only, not of the initial conditions. The stability of this attractor is
revealed by the fact that trajectories outside the limit cycle spiral inward, while trajec-
tories inside spiral outward toward the limit cycle. Quasi-periodicity arises in higher
dimensional systems. Topologically, a quasi-periodic attractor is defined by an m-
dimensional torus (T™). Figure 1.4 shows an example for m = 2. The quasi-periodic
dynamics on a torus exhibits two or more incommensurate frequencies.

Higher dimensional ODEs (1 > 2) or maps of any dimensionality may also exhibit
deterministic chaos, a type of irregular dynamical behavior resembling that of random
noise. The presence of chaos in physical systems is ubiquitous and has been demon-
strated extensively (see Hao, 1990, and references therein). Recent evidence suggests
that chaos may also play an important part in certain biological functions (Bagar, 1990;



Figure 1.4
A torus attractor.
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